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Ó˘‰ ÒËÂÙÏ

‡Â·Ó
·ÓÒÏÂÏÈÌ ˘ÂÈÌ ˘Ï ÏÈÓÂ„È Ó˙ÓËÈ˜‰ Â·ÓÒ‚¯˙ ‰Î˘¯‰ Â‰˘˙ÏÓÂ˙ ˘Ï ÓÂ¯ÈÌ ÏÓ˙ÓËÈ˜‰¨ Ú˘Â

ÒÈÂÂ ̇Ï˘Ï· Ó˘ÈÓÂ˙ ̈·ÚÈÂ˙ ̈ÁÈ„Â ̇Â˘Ú˘ÂÚÈÌ Ó‚ÂÂÈÌ ̈·˙‰ÏÈÎÈ ‰ÏÈÓÂ„ Â‰‰Â¯‡‰ ̈Ó˙ÂÍ ÓË¯‰

Ï‰‚·È ̄‡ ̇‰ÓÂËÈ·ˆÈ‰ ̈ÏÙ˙Á ‡ ̇‰Á˘È·‰ ÂÏ‰ÚÈ ̃ÎÏÈÌ Ï‰˙ÓÂ„„Â ̇ÚÌ ‡˙‚¯È Á˘È·‰ ·˙ÁÂÓÈÌ

˘ÂÈÌÆ

·ˆÂ¯‰ Á„≠Ó˘ÓÚÈ˙¨ È˙Ô Ï˜·ÂÚ¨ ˘‰˘ÈÏÂ· ˙¯Ì Ï‰‚·¯˙ ‰‰˙ÚÈÈÂ˙¨ Ï‚ÈÂÂÔ ‰‰Â¯‡‰ ÂÙÈ˙ÂÁ

‰Á˘È·‰Æ

‰Ó˘ÈÓÂ˙ ˘‰Âˆ‚Â¨ ‰ÈÂ ˘ÂÂ˙ ·„¯Í ÎÏÏ Ó‰ÁÂÓ¯ ‰˘ÂËÛ¨ Â‰ÈÂÂ ÓÚÈÔ ‰¯ÙÈÈ‰ ÊÓÈ˙ Ó‰‰˙ÚÒ˜Â˙

‰ÏÈÓÂ„È̇Æ

ÓÚ‚Ï ‰Ó˙ÚÈÈÈÌ ·Ó˘ÈÓÂ˙ ̈‰ÏÍ Â‰˙¯Á· ̈Â·˘Ï·È ‰‰˙ÓÂ„„Â ̇Óˆ‡Â ·„¯ÎÈÌ Ï‡≠˜Â·ˆÈÂÏÈÂ˙¨

Ù˙¯ÂÂ˙ Ó˜Â¯ÈÈÌ ·Ï˙È≠ˆÙÂÈÈÌ¨ Ó˘ÈÓÂ˙ ÚÂ·„Â ÂÙÂ˙ÁÂ Ï·ÚÈÂ˙ Á„˘Â˙ Â‰‚ÈÚÂ ·˜˘Â˙ ÏÓ˘ÈÓÂ˙

ÂÒÙÂ˙¨ Ï‡Á¯ ˘‰‚È¯ÂÈÈÌ ‰¯‡˘ÂÈÌ ˜ÏËÂÆ

·Ó‰ÏÍ ‰ÈÒÂÈ ‰ÁÏÂ Ï‰˙‚ÏÂ ̇¢ÓÎÂ¯ÈÌ¢ ÏÓ˘ÈÓÂ ̇Ó˙ÓËÈÂ˙ ̈Ú„ Î„È „¯È˘‰ ÏÙ˙ÈÁ ̇ÁÂ‚ÈÌ Ï˘ÂÁ¯È

Ó˙ÓËÈ˜‰Æ

˘ÂÁ¯È ‰Ó˙ÓËÈ˜‰ Ó‰ÂÂÈÌ Ó‡‚¯ ÙÂËˆÈ‡ÏÈ ÏÓ˘˙˙ÙÈÌ ·˙Á¯ÂÈÂ˙ Â·‡ÂÏÈÓÙÈ‡„Â˙ ˘ÂÂ˙

ÏÓ˙ÓËÈ˜‰Æ Ó˙·¯¯ ˘‰ˆÚÈ¯ÈÌ ˘‰˙ÓÂ„„Â ·˙Á¯ÂÈÂ˙ Ó˙ÓËÈ˜‰¨ ˘ÚÒ˜Â ·Ù˙¯ÂÔ Ó˘ÈÓÂ˙ ÂÁÈ„Â˙

Â˘‰ÈÂ Á˙ÂÓÈÌ ÚÏ ÁÂ·¯Â˙ Â·Ë‡ÂÈÌ ˘ÂÈÌ ·Ó˙ÓËÈ˜‰¨ ¯Î˘Â ÎÏÈÌ ˘‡Ù˘¯Â Ï‰Ì Ï‰‚ÈÚ Ï¯ÓÂ˙

‚·Â‰Â ̇·ÏÈÓÂ„È ‰Ó˜ˆÂÚ Â·˙ÁÂÓÈ Ó„Ú ÂÈ„Ú ˜¯Â·ÈÌ ÂÓÂ·Ô ˘ÊÎÂ Ï‰ˆÏÁ‰ ¯·‰ ·ÏÈÓÂ„ÈÌ ‰‡˜„ÓÈÈÌÆ

‰Ó˜Â¯Â ̇‰Î˙Â·ÈÌ ÏÓ˘ÈÓÂ ̇Â˘Ú˘ÂÚÈ ‰Ó˙ÓËÈ˜‰ ¯·ÈÌπ≠± ÂÏ‡Á¯Â‰ È˙Ô ÏÓˆÂ‡ ‡Â˙Ì ‚Ì ·‡˙¯È

‰‡ÈË¯Ë¨ ÏÚ˙ÈÌ ˜¯Â·Â˙ ÚÌ ˆßÂÙ¯ÈÌ ÁÂÓ¯ÈÈÌ ÂÙ¯ÒÈÌ ‰„ÂÁÙÈÌ Ï‰‚·¯˙ ‰‰˙ÚÈÈÂ˙Æ ·Ó‡Ó¯

‰ÂÎÁÈ ÓÂˆ‚Â ̇ÓÒÙ ̄Ó˘ÈÓÂ ̇‰Ó˙‡ÈÓÂ ̇ÏÎÏ ‰‚ÈÏÈÌ ‰ÁÏ Ó˙ÏÓÈ„ÈÌ ÓˆËÈÈÈÌ ·ÎÈ̇Â ̇‰‚·Â‰Â˙

‰Èˆ·ÈËÂÓ ˙¯·‚‰Ï ÈÏÎÎ ˙ÂÓÈ˘Ó ˙‚ˆ‰

‰˜ÈËÓ˙ÓÂ ÔÂ·˘Á È„ÂÓÈÏ· ‰·È˘Á‰ ÁÂ˙ÈÙÂ

¯Èˆ˜˙
˘ÈÏÂ· Ó˘ÈÓÂ˙ ÓÚÈÈÂ˙¨ ÁÈ„Â˙ Â˘Ú˘ÂÚÈ Ó˙ÓËÈ˜‰¨ ·Ó‰ÏÍ ÏÈÓÂ„È ‰Ó˜ˆÂÚ¨ Ó‰ÂÂ‰ ‡˙‚¯ Ó¯˙˜

‰„Â¯˘ „¯ÎÈ Ù˙¯ÂÔ ·Ï˙È≠˘‚¯˙ÈÂ˙Æ ‰‰˙ÓÂ„„Â˙ Â‰‰˙ÚÒ˜Â˙ ÚÌ ·ÚÈÂ˙ Î‡Ï‰ ÓÚÂ¯¯˙ ÚÈÈÔ ¯·

·˜¯· ‰˙ÏÓÈ„ÈÌ Â‚Â¯Ó ̇Ï‚È¯ÂÈÈ Á˘È·‰ Â‡Û ÏÙ˙¯ÂÂ ̇·Ï˙È≠ˆÙÂÈÈÌ ̈‰Ó„‚È˘ÈÌ ‡ ̇ÚÂ˘¯‰ ÂÈÂÙÈ‰

˘Ï ‰Ó˙ÓËÈ˜‰Æ ·Ó‡Ó¯ ÓÂ·‡ Ï˜Ë Ó˘ÈÓÂ˙ ·ˆÈ¯ÂÛ Ù˙¯ÂÂ˙ Â‰Ú¯Â˙ Ó˙Â„ÈÂ˙Æ
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˘Ï ·È˙ ‰ÒÙ¯ ‰ÈÒÂ„ÈÆ

·ÁÏ˜ Ó‰Ó˘ÈÓÂ˙ Ï‡ ÓÂˆ‚ ‰Ó˜Â¯ ˘Ï‰Ô Ó‡Á¯ Â‡ÈÂ È„ÂÚÆ ÏÎÏ ‰Ó˘ÈÓ‰ ‰Â·‡ Ù˙¯ÂÔ ÚÌ È̇ÂÁ

ÁÏ˜È ‡Â ÓÏ‡ ÂÏÚ˙ÈÌ Ù˙¯ÂÂ˙ ·„¯Í ‰ÈÒÂÈ Â‰·„È˜‰ ÂÎÔ ‰Ú¯Â˙ Ó˙Â„ÈÂ˙ ÂÙ„‚Â‚ÈÂ˙Æ

 ± ßÒÓ ‰ÓÈ˘Ó—Ì˙ÏÙÎÓÏ ‰ÂÂ˘ ÌÓÂÎÒ˘ ÌÈ¯ÙÒÓ Ï˘ ˙ÂÈ˘ÈÏ˘Â ˙Â‚ÂÊ 

Æ‡˙Â‚ÂÊ

Ó ‰Ï‡˘ ± ßÒ—·Ó¢˙ÂÙÒÂ ˙ÂÚ˘¢ ¯Â„±∞ÈÙÂ‰ Î‰ ˙Á˙ ‰‡·‰ ‰Ï‡˘‰ ‰ÚÓ¢ ˙¯˙Â¯ÙÒ

 ¢˜ÊÁ—Î Ó‰ ÚÂ„È‰ ÏÚ· ‡Â‰ ≤ ¯ÙÒÎ˙·Á˙ Ì‡˘ ‰ÂÓˆÚ ÌÚ Â˙Â‡ Â¯Â

ÓˆÚ· Â˙Â‡ ÂÏÈÙÎ˙ Â‡·˜˙ ÂˆÂ˙ ‰˙Â‡ ÂÏ‚ÂÊ „ÂÚ ˘È Ì‡‰ Æ‰‡ÂÏ‡Î ˙Â

Ï©Ò˘ ®ÌÈ‰Ê ‡˜ÂÂ„ Â‡ÎÏÙÎÓÏ ‰ÂÂ˘ ÌÓÂ‚Â„ Â˙ ¨ÔÎ Ì‡ øÌ˙˙ÙÒÂ ‰Ó

Ï ˙Á‡ÓÎ ÒÙ‡Ó ıÂÁ ˙ÂÁÙÆÔ·Â

Ó ‰Ï‡˘ ÔÂ¯˙Ù ± ßÒ—·ÓÓÂ ‰„È·Â„· ¯˘Ó ÈÈˆÓÏ È¯‰ ÌÈ‰Ê ÌÈ¯ÙÒÏ ˘È Ì˙‡˙‡ ¯Â˙Ù

Ó‰ ∫‰‡ÂÂ˘a2 = a+a = > a(a-2) = 0
Ó‰ ˙ÂÂ¯˙ÙÓ‰ Ì‰ ‰‡ÂÂ˘Ó‰ ®≤¨≤© ÌÈ¯ÙÒÈÙÂÎ Ú· ÚÂ„È®∞¨∞©≠Â ‰Ï‡˘

˘Î ÏÏ˘‚Â„Æ‚ÂÊÏ ‰Ó

Ï ̆˘ÙÁÏ ˘È ÔÎ ‚ÂÊ È· Èa≠Â bÎ¯Ú· ÌÈÂ˘‰ Ì‰È

a ⋅b = a + b => a =
b

b − 1
ÎÓ Ï ¯ÙÒb ≠ 1 ̆ÈÈ ¨¯Á· ‚ÂÊ‰ Ô· ˙‡ Ô˙a

·Ó‰Ó Æ˘˜Â ̆Ô·ÂÈ·˜Ï Ô˙È‡ Ï‚ÂÊ ÛÂÒ‰ ˙ÂÌÈÂÚ

ÏÙÎÓ˘ ‰˘È¯„ÏÒÏ ‰ÂÂ˘ Ì˙ÎÈ ÆÌÓÂ·˜Ï Ô˙Ï

‚ÂÊ˘‰Â ÌÏ˘ ‚ÂÊ‰ È·Ó „Á‡˘ ˙Â·˘ È ̆¨¯È· È

·˘ ‚ÂÊ‰ ̆¨ÌÈ¯Ó ‚ÂÊ‰ È· È·ÂÈÁ ÌÈ¯ÙÒ ̆¨ÌÈÈÈ

‰ ‚ÂÊ‰ È·ÎÂÙ· ÌÈÆÌ‰ÈÓÈÒ

‚Â„‚ÂÊÏ ˙Â‡ÓÓ ÌÈÈ¯˘Ù‡ ˙ÂÈÙÂ· ÌÈÈÚ·ËÓ ‰ÏßÒ

Æ±

˙ÂÈ˘ÈÏ˘ Æ·

Ó ‰Ï‡˘ ≤ ßÒ—Ó Ï˘ ˙ÂÈ˘ÈÏ˘ ‡ÂˆÓÏÏÙÎÓ˘ ÌÈ¯ÙÒÒÏ ‰ÂÂ˘ Ì˙ÎÆÌÓÂ

Ó ‰Ï‡˘ ÔÂ¯˙Ù ≤ ßÒ—Ó‰ ÔÂ¯˙Ù ˙‡ ˜ÏÁ‰· ‰ÓÈ˘∫˙ÂÈÂ¯˘Ù‡‰ ˙˘ÂÏ˘Ï Ì‡˙

Æ‡ÈÈ˘ÈÏ˘Ó ˙ÌÈ‰Ê ÌÈ¯ÙÒ

a3 = a+a+a = > a3-3a = 0 = > a(a2-3) = 0
‰·Â˘˙·˜˙Ó‰ ˙Â∫˙ÂÏ

(0,0,0)

( 3, 3, 3)

(− 3,− 3, − 3)

  

a = 0

a = 3

a = − 3

b a

± §ñî äìáè

2

5

9

7

− 6

13

5

2

13

18

6

7

9

2

5

4

−
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Æ·˘Ó ÈÓÂ ÌÈ‰Ê ÌÈ¯ÙÒ‰Â˘ È˘ÈÏ˘ ¯ÙÒ

a2b = a + a + b => b a2 −1( ) = 2a => b =
2a

a 2 − 1
·ÚÎ ¯Â Ïa ≠± 1·˜ ≠Ï Í¯Ú ÏbÈ Æ·˜Ï Ô˙È‡ Ï˙ÂÈ˘ÈÏ˘ ÛÂÒ

‚Â„ ÔÏ‰Ï·Ë© ˙ÂÂ˘ ˙ÂÈ˘ÈÏ˘Ï ˙Â‡Ó ‰ÏÓ∫®≤ ßÒ

Æ‚ÈÈ˘ÈÏ˘Ó ˙ÌÈÂ˘ ÌÈ¯ÙÒ

a ⋅b ⋅ c = a + b + c => a =
b + c

b ⋅c −1
·ÚÎ ¯Â© ‚ÂÊ Ïb, cÏÙÎÓ˘ ®·˜ ±≠Ó ‰Â˘ Ì˙Ó‰ ˙‡ ÏÆÈ˘ÈÏ˘ ¯ÙÒ

 ˙·ˆ‰b≠Â c‰ ˙‡ ˙˙Â ÌÈÂÂ˘ Ò Ï˘ ˙ÂÂ¯˙ÙÆß· ÛÈÚ

 ˙·ˆ‰b≠Â c‚ ˘Ï „Á‡ ÌÈÈ„È‡ ˙˙Â ¨È˙ÂÈ˘ÈÏ˘ ÛÂÒ

∫‰¯Âˆ‰Ó

5

7
,0, −

5

7
 
 

 
 , 3,0, −3( ), 1,0,−1( )

 ˙·ˆ‰b=1≠Â c=2ÈÒÏ˜‰ ‰ÈÈ˘ÈÏ˘‰ ˙‡ ˙˙Â ± ¨≤ ¨≥ ˙

 ˙·ˆ‰b=-1≠Â c=-2˘‰ ‰ÈÈ˘ÈÏ˘‰ ˙‡ ˙˙Â ¨≠± ¨≠≤ ¨≠≥ ‰ÈÈ

Î ‰·˘Ó‰ ÏÓÏ˘ ÌÈ¯ÙÒÈ‡ Ì‰Ó „Á‡ Í‡Â  ÌÈÂ˘Â ÌÈ‰ÂÂ˘ Â

ÏÆÒÙ‡

Ó ˙·ˆ‰≠Ï ÌÈ¯Á‡ ÌÈ¯ÙÒb≠Â c
Ó‰Ó ˜ÏÁ˘ ˙ÂÈ˘ÈÏ˘ ˙˙ÂÌÈ¯ÙÒ

Î Â‡·˘ Ì‰ ÌÏÂ· ÆÌÈ¯·ËÓ ‰Ï≥ ßÒ

Ó‚Â„ ¯ÙÒ˙ÂÈ˘ÈÏ˘Ï ˙Â‡Ó

∫˙ÂÈ¯˘Ù‡

Ó ‰Ï‡˘ ≥ ßÒ—Æ‡Ó Ï˘ ‰ÈÈ˘ÈÏ˘ ‡ÂˆÓÏÌÈ¯ÙÒ

ÏÙÎÓ˘Ï ‰ÂÂ˘ Ì˙Ó‰ Í¯ÚÏ˘ ËÏÁÂ

ÒÎÆÌÓÂ
          

b a

5

5

2

−1

4−

2

1

−6

3

4

c

7
9
3

5

−

26
7

7

5

² §ñî äìáè

a b äééùéìùä

5

8

5

12
16

63

−
3

4

−
4

3

1

2

−3

5,5,
5

12

8,8,
16

63

−3,−3,−
3

4
1

2
,
1

2
,−

4

3
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Æ·Ó Ï˘ ‰ÈÈ˘Ï˘ ‡ÂˆÓÏÒ˘ ÌÈ¯ÙÒÎÏ ‰ÂÂ˘ ÌÓÂÓ‰ Í¯ÚÏ˘ ËÏÁÂ

ÏÙÎÓÆÌ˙

Ó ‰Ï‡˘ ÔÂ¯˙Ù ≥ ßÒ—ÓÈÈ˜Ó‰ ˙ÂÈ˘ÈÏ˘ ÌÈ˘ÙÁÓÓ‰ ˙‡ ˙Â∫˙Â‡ÂÂ˘

IÆa ⋅b ⋅ c = a + b + c

IIÆa + b + c = a ⋅ b ⋅ c
Ó‰ ˙ÂÈ˘ÈÏ˘‰ ÈÚ·Ë ÔÙÂ‡··Î¯ÂÓÓ ˙Â·ÂÈÁ ÌÈ¯ÙÒ· ÌÈÈ·ÏÈÙÎ „

˘ˆÓÓ ‰Ï‡˘ ÔÂ¯˙Ù· Â‡ÓÈÈ˜Ó ¨≤ ßÒ‰Ï‡˘‰ Ï˘ ˙Â˘È¯„‰ ˙‡ ˙Â

‰ÈÁÎÂÊÂ ˙Ó ˙‡‰ ÔÓÈÒ˘ ÌÂ˘Ó‰ Í¯ÚÓ ËÏÁÂÆ¯˙ÂÈ

ÓÏ˙Ó ÌÈ„ÈˆÂ· ÌÈ‡‰ Í¯„·‰Â ˘ÂÁÈ∫˙Â‡·‰ ˙ÂÈ˘ÈÏ˘‰ ˙‡ ‰˜È„

È̆ Ì‡‰ ®± ¨± ¨≠±©≠Â ®≠± ¨≠± ¨±©ÓÏ ¨ÔÎ ø˙Â¯Á‡ ˙ÂÈ˘ÈÏ˘ ÔÏ˘

Ø≥© ‰¯Âˆ‰Ó ˙ÂÈ˘ÈÏ˘‰±Ø¥©≠Â ®± ¨≠± ¨≠±È‡ ˘ÈÂ ®± ¨≠± ¨≠˙ÂÈ˘ÈÏ˘ ÛÂÒ

È˘ È„È≠ÏÚ ‰Ï‡ÎÓ‰ ÈÂ·˘ ¯ÙÒ·˘‰ ‰ÎÓ· ¨¯ÓÂ‡ ¨È˘ÈÏ˘‰ ¯ÙÒ

·Ó·ÂÈÁ È˘ÈÏ˘ ¯ÙÒÆ®± ¨≠± ¨≠∏© ÌÏ˘Â È

ÈˆÓÏ· ÔÂ¯˙Ù ˙‡Ó˙Ó Í¯„ÈËÓÏ ˙ ‰‡ÂÂ˘I ¨a ⋅b ⋅ c = a + b + c¨È¯‰ 

 ¯˘‡Î˘a+b+c < 0©̆ Ó ÈÈ˘ÈÏ˘‰Â ÌÈÈÏÈÏ˘ ‰ÈÈ˘ÈÏ˘‰Ó ÌÈ¯ÙÒ

·ÂÈÁ·ÂÈÁ ‰È‰˙ ‰ÏÙÎÓ‰˘ ÍÎ ÈÈÈ ¨®˙˘Ï Ô˙Ó‰ ˙‡ ˙ÂÏ ‰‡ÂÂ˘‰¯Âˆ

a ⋅b ⋅ c = − a + b + c( )

 ıÂÏÈÁa ¯˘˜‰ ˙‡ Ô˙Â a =
− b + c( )
b ⋅c + 1

·ÚÎ ¯Â Ïb≠Â c ̆ ÔÎÂ ¯Á·b ⋅ c ≠ -1·˜ Ï

≠ÏaÓ Í¯Ú Æ‰˘È¯„‰ ˙‡ ÌÈÈ˜Ó‰ È¯ÙÒ

··ËÓ ‰ÏÓ ¥ ßÒˆÂ‚‚Â„ ‰ÓÎ ˙Â∫˙Â‡Ó

ÈˆÓÏ· ÔÂ¯˙Ù ˙‡Ó˙Ó Í¯„ÈËÓÏ ˙‰‡ÂÂ˘

II ¨a + b + c = a ⋅ b ⋅ c¯˘‡Î˘ È¯‰ ¨

a ⋅b ⋅ c < 0 ˘©Ó È·ÂÈÁ ÌÈ¯ÙÒÌÈÈ
 ÈÏÈÏ˘ È˘ÈÏ˘‰Â—Î ÈÈ˘ÈÏ˘ ÈÓ ˙ÌÈ¯ÙÒ

È˙ ÌÈÈÏÈÏ˘Ò Ì‚ Ô˙ÎÈ ¨®ÈÏÈÏ˘ ÌÂÔ˙

˘ÏÓ‰ ˙‡ ˙ÂÏ ‰‡ÂÂ˘‰¯Âˆ

a + b + c = -a ⋅ b ⋅cÆ

 ıÂÏÈÁa ¯˘˜‰ ˙‡ Ô˙Â a = −
b + c( )

b ⋅c + 1

·ÚÎ ¯Â Ïb≠Â c ̆ ÔÎÂ ¯Á·b ⋅ c ≠ -1·˜ ≠Ï Í¯Ú Ïa˙‡ ÌÈÈ˜Ó‰ 

· Æ‰˘È¯„‰·ËÓ ‰ÏÓ µ ßÒˆÂ‚‚Â„ ˙Â·Ó‰ ˙Â‡Ó·Ë ÏÚ ˙ÂÒÒÂÓ ‰Ï¥ ßÒ

·È˘Ó‰Ó ˜ÏÁ ÈÓÈÒ ÈÂÆÌÈ¯ÙÒ

ÈÒÎ ±≠≥ ˙ÂÏ‡˘ ÌÂ—Ï‰ ˙ÂÏ‡˘‰ ˙Â˘È¯„Ï˘ ‰‡¯ ‰¯Â‡ÎÓ ˘È Ï¢Ó ¯ÙÒ¨˙ÂÂ¯˙Ù Ï˘ ËÚÂ

´ §ñî äìáè

b a

3

4

5

4

2

−

6

3

2

c

5
7

−

−−

−

2

23
26
22

µ §ñî äìáè

b a

3

4

5

2

6

3

2

c

5
7

4−

−

2

23
26
22

−
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‰˜ÈËÓ˙ÓÂ ÔÂ·˘Á È„ÂÓÈÏ· ‰·È˘Á‰ ÁÂ˙ÈÙÂ ‰Èˆ·ÈËÂÓ ˙¯·‚‰Ï ÈÏÎÎ ˙ÂÓÈ˘Ó ˙‚ˆ‰

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

‰ ˙·Á¯‰ ÌÚ Í‡·˘Ï ÌÂÁ˙ÓÏÂ ÌÈ¯ÓÈ˘Â ÌÈÈÏÈÏ˘ ÌÈ¯ÙÒÌÈ¯˘˜· ˘Â

Ó˙Ó·˜Ó ¨ÌÈÈËÈ‡ ÌÈÏÆ˙ÂÂ¯˙Ù ÛÂÒ

Ó˘ÈÓ˙ ‰Ó˘Í

ÏÓˆÂ‡ ÊÂ‚ ÓÒÙ¯ÈÌ ˘ÓÎÙÏ˙Ì ˘ÂÂ‰ ÏÓ˙ÌÆ

Ù˙¯ÂÔ ‰Ó˘ÈÓ‰

ÏÓˆÈ‡˙ ‰ÊÂ‚ ©a,b® ¯˘ÂÌ ÏÙÈ ‰„¯È˘‰ 
a

b
= a ⋅ b Î‡˘¯ b ≠ 00Æ

ÎÙÂÏ ‡˙ ̆È ‰‡‚ÙÈÌ ·≠b Â˜·Ï¨ a = a ⋅ b2 => a 1 − b2( ) = 0

ÏÙ˙¯ÂÔ ‰Ó˘ÂÂ‡‰ ˜ÈÈÓÂ˙ ‰‡Ù˘¯ÂÈÂ˙ ‰·‡Â˙∫

‡Ù˘¯Â˙ ‡ß — a = 0¨ ÏÎÏ Ú¯Í ˘Ï b ©Ï‰ÂˆÈ‡ b = 0®¨ ˜ÈÈÓÈÌ ‡ÈÒÂÛ ÊÂ‚Â˙ ‡Ù˘¯ÈÈÌ Ó‰ÒÂ‚ ©0,b®Æ

Ï‰ÏÔ ÓÒÙ¯ „Â‚Ó‡Â˙∫ 0,1( ), 0,−3( ), 0,
5

2
 
 

 
 , 0,−

3

7
 
 

 
 

‡Ù˘¯Â˙ ·ß —a ≠ 0 Â≠b = ±1
˜ÈÈÓÈÌ ‡ÈÒÂÛ ÊÂ‚Â˙ ‡Ù˘¯ÈÈÌ ©a,b®¨ Î‡˘¯ ÏÎÏ Ú¯Í ˘Ï a ©Ï‰ÂˆÈ‡ a = 0®

Óˆ¯ÙÈÌ ‡˙ ‡Á˙ Ó˘˙È ‰‡Ù˘¯ÂÈÂ˙ Ï≠b ©±±®Æ Ï‰ÏÔ ÓÒÙ¯ „Â‚Ó‡Â˙∫

5,1( ), −7,−1( ), 7

2
,1

 
 

 
 , −

3

5
,1

 
 

 
 ,

13

8
,−1

 
 

 
 

ÏÓ˘ÈÓ‰ ‰¢Ï È̇Ô Ï‰ÂÒÈÛ ‡˙ ‰„¯È˘‰ ‰·‡‰∫ ÏÓˆÂ‡ ÊÂ‚ ˘Ï ÓÒÙ¯ÈÌ ˘ÓÎÙÏ˙Ì

˘ÂÂ‰ ÏÒÎÂÓÌ Â˘ÂÂ‰ ÏÓ˙Ì¨ „‰ÈÈÂ¨ a ⋅b = a + b =
a

b
Æ

‰˘‡Ï‰ ‰Âˆ‚‰ ·Ó˜Â¯µ ©ÁÂ·¯˙ ∞±® Â‰Ù˙¯ÂÔ ‰ÈÁÈ„ ‰‡Ù˘¯È ˘‰Â·‡ ˘Ì¨ ‰Â‡¨

1

2
,−1

 
 

 
 Æ

 ≤ ßÒÓ ‰ÓÈ˘Ó—≥ ÌÒ˜ ÚÂ·È¯ x˙ÂÏÙÎÓ Ï˘ ≥
·Ó‡Ó¯ ‰˜Â„Ì±± ‰Â·‡Â ˘ÈËÂ˙ Ï˘È·Âı ÓÒÙ¯ÈÌ ˘ÂÈÌ ·¯È·ÂÚ ˜ÒÌ ÎÍ ˘Ó˙˜·Ï ÒÎÂÌ ‡ÁÈ„ ·ÎÏ

ÚÓÂ„‰¨ ˘Â¯‰ Â·̆È ‰‡ÏÎÒÂÈÌ ‰¯‡˘ÈÈÌÆ

·Ó‡Ó¯ Ê‰ ˙Âˆ‚ ˘ÈË‰ Ï˘È·Âı ÓÒÙ¯ÈÌ ˘ÂÈÌ ·¯È·ÂÚ ≥x≥ ÎÍ ˘È̇˜·Ï ¯È·ÂÚ ˜ÒÌ ·ÚÏ ÓÎÙÏ‰

‡ÁÈ„‰Æ

‰˘È·Âı Ó·ÂÒÒ ÚÏ ·ÁÈ¯˙ ˜·Âˆ‰ ˘Ï π ÓÒÙ¯ÈÌ¨ ÎÍ ˘‰ÓÒÙ¯ÈÌ ‰˜ËÈÌ ˘Ï ‰˜·Âˆ‰ ‰Ì ‰ÓÁÏ˜ÈÌ

˘Ï ‰ÓÒÙ¯ÈÌ ‰‚„ÂÏÈÌ ˘Ï ‰˜·Âˆ‰Æ ·È‡ ˘ÏÂ˘ „Â‚Ó‡Â˙ Ï˜·ÂˆÂ˙ ˘Ï π ÓÒÙ¯ÈÌ ˘ÂÈÌÆ

„Â‚Ó‰ ‡ß — ˘È·Âı ‰ÓÒÙ¯ÈÌ ˘Ï ÁÊ˜Â˙ ≤∫ ∂µ≤¨ ∏≤±¨ ¥∂¨ ≤≥¨ ∂±¨ ∏¨ ¥¨ ≤¨ ±

‡˙ ‰ÓÒÙ¯ ‰‡ÓˆÚÈ ∂± ©Â‚Ì ·„Â‚Ó‡Â˙ ‰‡Á¯Â˙® Ó˘·ˆÈÌ ·Ó¯ÎÊ ‰¯È·ÂÚ ©ˆÈÂ¯ ÓÒß ±®Æ ‡˙ ‰ÓÒÙ¯



Ó˘‰ ÒËÂÙÏ

—  ±∑¥— ˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

60 5 90

45 30 20

10 180 15

          

12 1 18

9 6 4

2 36 3

          

32 1 128

64 16 4

2 256 8

          

‰‚„ÂÏ ©∂µ≤® Ó˘·ˆÈÌ ·‡ÓˆÚ ˘Ï ‡Á˙ ‰˘Â¯Â˙ ©‡Â ‡Á˙ ‰ÚÓÂ„Â˙

‰ÁÈˆÂÈÂ˙®Æ ·Ó¯ÎÊ ‰˘Â¯‰ ‰ÁÈˆÂÈ˙ ‰‚„È˙ Ó˘·ˆÈÌ ‡˙ ‰ÓÒÙ¯ ‰˜ËÔ

·ÈÂ˙ ̄©±®Æ Ó˙˜·Ï ̇ÚÓÂ„‰ ÓÏ‡‰ ˘ÓÎÙÏ˙‰ ∂π∞¥Æ ·˘Â¯‰ ˘·‰ ÓÂÙÈÚ ‰ÓÒÙ¯

± Ó˘·ˆÈÌ ̆È ÓÒÙ¯ÈÌ ˘ÓÎÙÏ˙Ì ∂π∞¥Æ ·Ó˜¯‰ Ê‰ ‰ÓÒÙ¯ÈÌ ‰Ì∫ ∏≤±¨ ≤≥Æ

ÓÎ‡Ô ‰‰Ó˘Í Ù˘ÂË ·ÈÂ˙¯Æ

„Â‚Ó‰ ·ß —˘È·Âı ˙˘Ú˙ ‰ÓÁÏ˜ÈÌ ˘Ï ‰ÓÒß ∂≥Æ

∂±¨ ∏±¨ ≤±¨ π¨ ∂¨ ¥¨ ≥¨ ≤¨ ±

‰Ú¯‰ ‡ß — ·ÁÈ¯˙ ‰ÓÒÙ¯ÈÌ ÈÎÂÏ‰ Ï‰ÈÂ ̇ÁÏ ̃Ó‰ÏÓÈ„‰ ˘Ï ÓˆÈ‡ ̇ÓÒÙ¯

‰ÓÁÏ˜ÈÌ ˘Ï ÓÒÙ¯ ˙ÂÔ ÚÏ≠È„È ÙÈ¯Â˜Â ÏÁÊ˜Â˙ ˘Ï ÓÒÙ¯ÈÌ ¯‡˘ÂÈÈÌÆ

·Ó˜¯‰ ˘Ï ‰ÓÒÙ¯ ∂≥ ‰ÙÈ¯Â˜ ‰Â‡ 22 ⋅ 32
Æ ÂÎÏ ÓÁÏ˜ ‰Â‡ Ó‰ˆÂ¯‰ ˘Ï

2x ⋅ 3y
Æ ÎÏ ˆÈ¯ÂÛ  ˘Ï ©x,yy®¨ Î‡˘¯ x Â≠y Ó˜·ÏÈÌ ‡˙ ‰Ú¯ÎÈÌ ≤¨ ±¨ ∞¨ Â˙Ô

ÓÁÏ ̃‡Á¯Æ ‚Ì ·„Â‚Ó‰ ÊÂ Ó˘·ˆÈÌ ‡ ̇‰ÓÒÙ¯ÈÌ ÏÙÈ ‰Ú˜¯ÂÔ ˘‰Âˆ‚ ·„Â‚Ó‰

‰˜Â„Ó˙ ÂÓ˙˜·Ï ‰¯È·ÂÚ ‰¯‡‰ ·ˆÈÂ¯ ÓÒß ≤Æ

‰Ú¯‰ ·ß — Á˘Â· ÏˆÈÈÔ ˘Î‡˘¯ Ó˙˜·Ï ¯È·ÂÚ ˜ÒÌ ˘Ï ÓÎÙÏ‰ ‡ÁÈ„‰¨

Ó˙˜·ÏÈÌ ÏÓÚ˘‰ ‡ÈÒÂÛ ¯È·ÂÚÈ ˜ÒÌ¨ ‰Ó·ÂÒÒÈÌ

ÚÏ ˜·Âˆ˙ ‰ÓÒÙ¯ÈÌ ˘·¯È·ÂÚÆ ÓÎÙÏ˙ ˜·Âˆ˙

‰ÓÒÙ¯ÈÌ ·ÓÒÙ¯ ˘ÏÌ ©ÁÈÂ·È ‡Â ˘ÏÈÏÈ® Â˙˙

˜·Âˆ‰ Á„˘‰ ˘Ï ÓÒÙ¯ÈÌ ‰ÓÓÂ˜ÓÈÌ ·Ó˜ÂÌ

‰ÓÒÙ¯ÈÌ ‰Ó˜Â¯ÈÈÌ ÂÓ˙˜·Ï ¯È·ÂÚ ˜ÒÌ Á„˘Æ ·ˆÈÂ¯

ÓÒß ≥ ÓÂÙÈÚ ¯È·ÂÚ ‰˜ÒÌ ‰Ó·ÂÒÒ ÚÏ ÓÒÙ¯È ¯È·ÂÚ

‰˜ÒÌ ˘Ï ˆÈÂ¯ ÓÒß ≤ Î˘ÎÏ ÓÒÙ¯ ‰ÂÎÙÏ ÙÈ µÆ

„Â‚Ó‰ ‚ß — ˘È·Âı ˙˘Ú ̇‰ÓÁÏ˜ÈÌ ˘Ï ‰ÓÒÙ ̄∞∞±

∞∞±¨ ∞µ¨ µ≤¨ ∞≤¨ ∞±¨ µ¨ ¥¨ ≤¨ ±

·ˆÈÂ¯ ÓÒß ¥ ¯‡‰ ˘È·Âı ‰ÓÒÙ¯ÈÌ ‰ÏÏÂÆ

ÌÈ„ÁÂÈÓ ÌÒ˜ ÈÚÂ·È¯
‡Æ¯È·ÂÚÈÌ ˘ÎÏ ‰ÓÒÙ¯ÈÌ ˘Ï‰Ì Ê‰ÈÌ ©ˆÈÂ¯ÈÌ µ ‡ß≠‚ß®¨ ‰Ì ¯È·ÂÚÈ ˜ÒÌ ‰Ô Óˆ„ ‰ÓÎÙÏÂ˙

‰˘ÂÂ˙ Â‰Ô Óˆ„ ‰ÒÎÂÌ ‰˘ÂÂ‰ Â‰„·¯ ÎÂÔ Ú·Â¯ ÎÏ ÓÒÙ¯ ˘È·Á¯Æ

20 1 50

25 10 4

2 100 5

          

-4 -4 -4

-4 -4 -4

-4 -4 -4

            

7 7 7

7 7 7

7 7 7

            

1 1 1

1 1 1

1 1 1
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‰˜ÈËÓ˙ÓÂ ÔÂ·˘Á È„ÂÓÈÏ· ‰·È˘Á‰ ÁÂ˙ÈÙÂ ‰Èˆ·ÈËÂÓ ˙¯·‚‰Ï ÈÏÎÎ ˙ÂÓÈ˘Ó ˙‚ˆ‰

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

·Æ¯È·ÂÚÈÌ ‰·ÂÈÈÌ ÚÏ ÓÒÙ¯ÈÌ ˘ÁÂÊ¯ÈÌ ÚÏ ÚˆÓÌÆ

·ˆÈÂ¯ ÓÒß ∂ ‡ß ÎÏ ‡Á„ Ó‰ÓÒÙ¯ÈÌ ±¨ ≤¨ ¥ ÁÂÊ¯ ÚÏ ÚˆÓÂ ≥ ÙÚÓÈÌ Â‡ÈÏÂ ·ˆÈÂ¯ ∂·ß ‰ÓÒÙ¯ ≤≠

ÁÂÊ¯ ÚÏ ÚˆÓÂ ∂ ÙÚÓÈÌ¨ Â‰ÓÒÙ¯ ≤ ÁÂÊ¯ ÚÏ ÚˆÓÂ ≥ ÙÚÓÈÌÆ

 ≥ ßÒÓ ‰ÓÈ˘Ó—„ÁÂÈÓ È˙¯ÙÒ ∂ ¯ÙÒÓ ˙‡ÈˆÓ 
Ó‰Â ÓÒÙ¯ ‰˘˘ ÒÙ¯˙È ‰ÓÂ¯Î· ÓÒÙ¯Â˙ ˘ÂÂ˙ ÎÍ ˘‡Ì ÎÙÂÏ ‡Â˙Â ·‡Á„ Ó‰ÓÒÙ¯ÈÌ ∂¨ µ¨ ¥¨ ≥¨ ≤¨

Ú„ÈÈÔ ˜·Ï ÓÒÙ¯ ∂ ÒÙ¯˙È ‰ÓÂ¯Î· Ó‡Â˙Ô ÒÙ¯Â˙ ‡Í ·Ò„¯ ˘Â‰Æ

‰˙˘Â·‰ — ‰ÓÒÙ¯ ‰Â‡  ∑µ∏¨≤¥±  Æ

‰¯Âˆ·˘ ·Ï ÌÈ˘Ï ˘È ±¥≤∏µ∑ Ω ±¥≤∏µ∑x± 

ÈÏ˜ÈˆÓ‰ ¯„Ò ˙ÌÈ¯ÙÒ ±¥≤∏µ∑ Ω ≤∏µ∑±¥x≤ 

Î·Ó˘ ‰ÏÙÎÓ ÏÆ¯ ±¥≤∏µ∑ Ω ¥≤∏µ∑±x≥ 

 ±¥≤∏µ∑ Ω µ∑±¥≤∏x¥ 

 ±¥≤∏µ∑ Ω ∑±¥≤∏µxµ 

 ±¥≤∏µ∑ Ω ∏µ∑±¥≤x∂ 

„¯Í Ù˙¯ÂÔ∫

‰ÓÒÙ ̄ÁÈÈ· Ï‰˙ÁÈÏ ·≠± ̈Î„È ˘ÚÌ ‰ÎÙÏ˙Â ·≠∂ ‰˙Âˆ‡‰ ˙‰È‰ Ú„ÈÈÔ ÓÒÙ ̄∂ ÒÙ¯˙ÈÆ Ó‡Â˙Â ÈÓÂ˜¨

‰ÒÙ¯‰ ‰̆ÈÈ‰ ÈÎÂÏ‰ Ï‰ÈÂ˙ Ó˜ÒÈÓÂÌ ∂Æ ·ÓÈ„‰ Â‰ÒÙ¯‰ ‰̆ÈÈ‰ ∂¨ ‰ÒÙ¯‰ ‰˘ÏÈ˘È̇ ‰Ó˜ÒÈÓÏÈ˙

‰È‡ ¥Æ ‰ÒÙ¯‰ ‰˘È˘È ̇©ÒÙ¯ ̇‰‡Á„Â˙® ˘Â‰ Ó≠± ̈ÎÈ ÓÒÙ ̄± ˘ÓÂ ̄ÏÒÙ¯‰ ‰¯‡˘Â‰Æ ÒÙ¯ ̇‰‡Á„Â˙

˘Â‰ Ó‡ÙÒ¨ ÎÈ ‡Á¯˙ ÎÏ ‰ÎÙÏ‰ ˙˘‡È¯ ‡˙ ‰ÒÙ¯‰ ·‡Â˙Â Ó˜ÂÌÆ

ÚÏ ‡Û ‰˘ÈÓÂ˘ ·˙‡È ‰‰‚·Ï‰ ‰¢Ï ÂÎÔ ‰ÚÂ·„‰ ˘ÒÙ¯‰ ÓÒÂÈÓ˙ Ï‡ ÈÎÂÏ‰ ÏÁÊÂ¯ ÚÏ ÚˆÓ‰ ÈÂ˙¯

ÓÙÚÌ ‡Á˙ ̈ÓˆÈ‡ ̇‰ÓÒÙ¯ ̈·˘ÈË ̇ÈÒÂÈ Â·„È˜‰ ̈ÓÚÈÈÙ ̇Ó‡Â„ Ó‡Á ̄ÂÓ„Â· ̄·Î≠∞∞∞¨π° ‡Ù˘¯ÂÈÂ˙

˘ÂÂ˙Æ ÏÙÈÎÍ ÓˆÈ‡˙ ‰ÓÒÙ¯ Ú˘˙‰ ÚÏ≠È„È ˙ÂÎÈ̇ ÓÁ˘·Æ

ÏÓÚ˘‰ ‰ÓÒÙ¯ ‰Ó·Â˜˘ Ó·ÂÒÒ ÚÏ ‰˘·¯ 
1

7
 ˘‰Â‡ ˘·¯ Ú˘¯ÂÈ ÓÁÊÂ¯È ÚÌ ÓÁÊÂ¯ ˘Ï ∂ ÒÙ¯Â˙

0.142857142857...˘ÂÂ˙Æ  ‡Â˙Ô ‰ÒÙ¯Â˙ Ó˜·ÏÈÌ ·˘·¯ÈÌ ‰Ú˘¯ÂÈÈÌ ‰ÓÁÊÂ¯ÈÈÌ ˘Ï ‰˘·¯ÈÌ

2

7
,
3

7
,
4

7
,...,

6

7

-2 -2 2

-2 2 -2

2 -2 -2

            

4 1 2

1 2 4

2 4 1

            



Ó˘‰ ÒËÂÙÏ

—  ±∑∂— ˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

 ¥ ßÒÓ ‰ÓÈ˘Ó—®°©˙¯ˆÚ ÔÓÈÒ ÌÚ ÌÈÚÈÙÂÓ ÌÈÓÏÚ‰Ó ˜ÏÁ˘ ˙Â‡ÂÂ˘Ó ÔÂ¯˙Ù 
Ó˘ÂÂ‡Â ̇ÓÒÂ‚ Ê‰ ˜˘Â¯Â ̇ÏÏÈÓÂ„ ‰ÓÂ˘‚ÈÌ Úˆ¯ ̇Â˙ÓÂ¯Â ̇ÂÈ˙Ô Ï˘Ï· ‡Â˙Ô ·Ó‰ÏÍ ÏÈÓÂ„ ‰Â˘‡ÈÌ

‰ÏÏÂÆ

·ÚÈ‰ —  Ï‰ÂÎÈÁ ˘ÏÓ˘ÂÂ‡‰ x! + y! = 10z + 9 ‡ÈÔ Ù˙¯ÂÔ ˘ÏÓÈÌÆ

Ù˙¯ÂÔ — Ù˙¯ÂÔ ÚÌ È˙ÂÁ ÓÏ‡ ‰Â·‡ ·Ó‡Ó¯ ˜Â„Ì≤±Æ ‰Ù˙¯ÂÔ ‰ÓÂˆ‚ Î‡Ô Ó·ÂÒÒ ÚÏ ¯È˘ÂÌ ‰Ú¯ÎÈÌ

‰‡Ù˘¯ÈÈÌ ÏÎÏ ‡Á„ Ó‰‡‚ÙÈÌÆ ‰Ú¯Í ˘Ï ‰‡‚Û ‰˘Ó‡ÏÈ ˙ÓÈ„ ÁÈÂ·È ©ÏÙÈ ‰‚„¯˙ ‰ÓÂ˘‚ Úˆ¯˙®

Â‰„·¯ ÓÁÈÈ· ˘‚Ì ‰‡‚Û ‰ÈÓÈ È‰È‰ ˙ÓÈ„ ÁÈÂ·È ÂÚ¯ÎÂ ‡È≠ÊÂ‚È ©ÏÓ‰ø®Æ ¯˘ÂÌ ‡˙ Ú¯ÎÈ ‰‡‚ÙÈÌ

Ú·Â¯ Ú¯ÎÈÌ ˘ÂÈÌ ˘Ï y ,x Â≠zÆ

¯Â‡ÈÌ ˘≠π ‰Â‡ ‰Ú¯Í ‰ÈÁÈ„È ‰‡Ù˘¯È ÏÒÙ¯ ̇‰‡Á„Â ̇˘Ï ‰‡‚Û ‰ÈÓÈÆ ‰Ú¯ÎÈÌ ‰‡Ù˘¯ÈÈÌ ÏÒÙ¯˙

‰‡Á„Â˙ ˘Ï ‰‡‚Û ‰˘Ó‡ÏÈ Ú„ ÎÂÏÏ ÏÊÂ‚ ©¥¨¥® Ω ©x,y® ‰Ì∫ ∏¨ ∑¨ ∂¨ µ¨ ¥¨ ≥¨ ≤¨ ∞Æ Â‰ÁÏ Ó‰ÊÂ‚ ©∞¨µ®

‰Ú¯ÎÈÌ ‰‡Ù˘¯ÈÈÌ ‰Ì∫ ∂¨ ¥¨ ≤¨ ±¨ ∞Æ

‰˙·ÂÂ˙ ·Ú¯ÎÈÌ ‰‡Ù˘¯ÈÈÌ Ï̆È ‰‡‚ÙÈÌ Ó¯‡‰ ˘‡ÈÔ ‡Û ˆÈ¯ÂÛ ˘Ï ÊÂ‚ ÓÒÙ¯ÈÌ ©x,y®  ˘Ú·Â¯Ì

‰Ú¯Í x! + y! ÈÒ˙ÈÈÌ ·ÒÙ¯‰ π¨ ÎÏÂÓ¯ ‡ÈÔ ˘ÏÈ˘ÈÈ‰ ˘Ï ÓÒÙ¯ÈÌ ˘ÏÓÈÌ ‰Ó˜ÈÈÓ˙ ‡˙ ‰Ó˘ÂÂ‡‰¨

ÓÆ˘ÆÏÆ

„Â‚Ó‡Â˙ ÂÒÙÂ˙ — ÏÙ˙Â¯ ‡˙ ‰Ó˘ÂÂ‡Â˙ ‰·‡Â˙∫

±Æx! + y! = 10z + 8
‰Ù˙¯ÂÔ∫ ©¥¨¥¨¥®

≤Æx! + y! = 10z + 6
‰Ù˙¯ÂÂ˙∫ ©≤¨≤¨¥®¨ ©≤±¨≥¨µ®¨ ©≤∑¨≥¨∂® ÂÚÂ„ Ù˙¯ÂÂ˙Æ

        
z

0

1

2

3

4

5

6

..

..

0

19

29

39

49

59

69

10z + 9

..

..

        
x y x!+y! x y x!+y!

0 0 2 4 4 48

1 0 2 5 0 121

1 1 2 5 1 121
2 0 3 5 2 122

2 1 3 5 3 126

2 2 4 5 4 144

3 0 7 5 5 240
3 1 7 6 0 721

3 2 8 6 1 721

3 3 12 6 2 722

4 0 25 6 3 726
4 1 25 6 4 744

4 2 26 6 5 840

4 3 30 6 6 1440
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≥Æ3x! + y! = 10z + 9
‰Ù˙¯ÂÂ˙∫ ©±¨∞¨≥® Â≠©±¨±¨≥®

¥Æx! + y! +(x+y) = 10z + 9
‰Ù˙¯ÂÔ∫ ©≤¨∞¨¥®

µÆx! + y! +(x+y)! = 10z + 5
‰Ù˙¯ÂÂ˙∫ ©∞¨∞¨≤®¨ ©¥±¨±¨¥®

∂Æx! + y! = 10z
ÎÏ ÊÂ‚ x,y ≥ 5 ‰Ì Ù˙¯ÂÂ˙ ‰Ó˘ÂÂ‡‰¨ ÂÏÙÈÎÍ È˘ Ï‰ ‡ÈÒÂÛ Ù˙¯ÂÂ˙Æ

∑Æx! + y! = 8z
‰Ù˙¯ÂÔ∫ ©∂¨∂¨∑®

 µ ßÒÓ ‰ÓÈ˘Ó—øÔÂÚ˘‰ È‚ÂÁÓ ˙È˘ Â„ÎÏ˙È È˙Ó 
·˘Ú‰ ∞∞Æ≤± Ó˙ÏÎ„ÈÌ ‰˘ÚÂ ̇Â‰„˜Â˙Æ ÎÚ·Â ̄ÎÓ‰ „˜Â ̇È̇ÏÎ„Â

˘Â· ̆È‰Ìø ©‰Ó˜Â¯ Ï·ÚÈ‰≥±®Æ

„¯Í ‰Ù˙¯ÂÔ∫

‰˜˘¯ ·ÈÔ ω — ‰Ó‰È¯Â˙ ‰ÊÂÂÈ˙È̇ ©·ÈÁÈ„Â˙ ˘Ï ÓÚÏÂ˙ Ï„˜‰®¨

Â·ÈÔ α — ÊÂÂÈ̇ ‰ÒËÈÈ‰ ˘Ï ‰ÓÁÂ‚ ©·ÓÚÏÂ˙® Â — t ‰ÊÓÔ ˘ÁÏÛ

©·„˜Â˙® ˙ÂÔ ÚÏ≠È„È = ⋅ t ©ˆÈÂ¯ ÓÒß ∑®

‰Ó‰È¯ÂÈÂ˙ ‰ÊÂÂÈ̇ÈÂ˙ ˘Ï ‰ÓÁÂ‚ÈÌ ‰Ô∫

= 60 / min

= 0.50 / min

ÓÎ‡Ô¨

= 6t

= 0.5t

Î„È ÏÓˆÂ‡ ÎÚ·Â ̄ÎÓ‰ „˜Â˙ ‰Ì ˘Â· ‰˙ÏÎ„Â È˘ Ï‰Â¯È„ ̈ÓÒËÈÈ̇ ÓÁÂ‚ ‰„˜Â˙¨ ‡ ̇‰ÓÚÏÂ ̇˘‰Â‡

Ú·¯ ·≠n ‰ÒÈ·Â·ÈÌ ˘‰Ò˙Â·· Ú„ ‰‰˙ÏÎ„Â˙¨ ÂÏ‰˘ÂÂ˙ ‡˙ ‰ÒËÈÂ˙∫

6t − 360n = 0.5t => t =
720

11
n

ÓÎÈÂÂÔ ˘≠n Ó˜·Ï Ú¯ÎÈÌ ˘ÏÓÈÌ ·Ï·„∫ ÆÆÆ ≥ ¨≤ ̈± ÏÎÔ ‰ÓÁÂ‚ÈÌ È̇ÏÎ„Â ÎÚ·Â ̄
720

11
,
1440

11
,
2160

11
,...

„˜Â˙Æ

‰ÊÓÔ ‰¯‡˘ÂÔ ˘·Â ‰Ì È˙ÏÎ„Â ‰Â‡ 65
5

11
 „˜Â˙Æ

12

9

6

3

α0

          

ÓÁÂ‚ „˜Â˙

ÓÁÂ‚ ˘ÚÂ˙

ÓÁÂ‚ „˜Â˙

ÓÁÂ‚ ˘ÚÂ˙



Ó˘‰ ÒËÂÙÏ

—  ±∑∏— ˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

 ∂ ßÒÓ ‰ÓÈ˘Ó—ø¯„˙Ò‰Ï ÌÈˆÈÏ‰ ÏÚ „ˆÈÎ 
ÚÏ ÁÊ‰ ‰ÁÂÏˆ‰ ˘Ï ˘ÏÂ˘‰ ÏÈˆÈÌ ÓÂÙÈÚÈÌ ‰ÓÒÙ¯ÈÌ ∂¨ ≥¨ ±¨ Î¯‡‰ ·ˆÈÂ¯ ÓÒß ∏Æ ÎÈˆ„ ÚÏÈ‰Ì

Ï‰Ò˙„¯ ÚÏ≠Ó˙ ˘‰ÓÒÙ¯ ˘È˙˜·Ï ÈÁ„ È̇ÁÏ˜ ·≠∑ ÏÏ‡ ˘‡¯È̇ø

‰·ÚÈ‰ Ï˜ÂÁ‰ Ó˙ÂÍ „Û ÁÈ„Â˙ Ï˜¯‡˙

ÙÂ¯ÈÌ ˘‰Âˆ‡ ÚÏ≠È„È¥±¨ Â‰È‡ ÈÎÂÏ‰

Ï˘Ó˘ ÏÓÒÙ¯ ÓË¯Â˙∫

™‰Î¯˙ ‰ÓÂ˘‚ÈÌ∫ ˙ÓÂ¯‰¨ ÓÒÙ¯

‡Ù˘¯ÂÈÂ˙ ÏÒ„¯ ·˘Â¯‰ ˜·Âˆ˙

‡ÏÓËÈÌ ˘ÂÈÌ¨ Úˆ¯˙Æ

™ÏÈÓÂ„ ÎÏÏ ‰ÁÏÂ˜‰ ˘Ï ÓÒÙ¯ ·≠∑Æ

™ÓˆÈ‡˙ Ù˙¯ÂÂ˙ ÈˆÈ¯˙ÈÈÌÆ

„¯Í ‰Ù˙¯ÂÔ∫

ÏÎ‡Â¯‰ ¯‡‰ ˘ÓÒÙ ̄‰‡Ù˘¯ÂÈÂ ̇ÏÒ„¯

‡˙ ‰ÏÈˆÈÌ ‰Â‡ ∂Æ ÎÏÂÓ¯¨ Ï˜·Ï ‡˙

‰ÓÒÙ¯ÈÌ∫ ©±≥∂®¨ ©≥±∂®¨ ©±∂≥®¨ ©∂±≥®¨ ©≥∂±®¨ ©∂≥±®

ÂÈ˘ Ï·„Â˜ ÎÏ ÓÒÙ¯ ‡Ì ‡ÎÔ ‰Â‡ Ó˙ÁÏ˜ ·≠∑Æ

È˙Ô Ï·„Â ̃Ê‡˙ ÚÏ≠È„È ÁÏÂ˜‰ È„È̇ ̈‡Â ÚÏ≠È„È ˘ÈÓÂ ̆·ÓÁ˘·ÂÔ ÎÓ˜Â·Ï ·ÚÈ„Ô ‰ÂÎÁÈ ̈‡Â ÚÏ≠È„È

˘ÈÓÂ˘ ·ÎÏÏ ‰ÁÏÂ˜‰ ·≠∑¨ ˘·„¯Í ÎÏÏ ‡ÈÂ ÏÓ„ ·ÁÈÂÍ ‰ÈÒÂ„È ‡Â ‰ÚÏ≠ÈÒÂ„ÈÆ

∑≠· ‰˜ÂÏÁ‰ ÏÏÎ

‡˙ ÒÙ¯˙ ‰‡Á„Â˙ ˘Ï ‰ÓÒÙ¯ ÓÎÙÈÏÈÌ ·≠≤ Â‡˙ ‰˙Âˆ‡‰ ÓÂ¯È„ÈÌ ÓÈ˙¯˙ ‰ÓÒÙ¯Æ ·‡Â˙Â ‡ÂÙÔ

ÓÓ˘ÈÎÈÌ Ú„ ‡˘¯ Ó˜·ÏÈÌ ˘‡¯È˙ ˜Ë‰Æ ·ÓÈ„‰ Â‰˘‡¯È̇ ˘ÂÂ‰ Ï‡ÙÒ ‡Â ÏÓÎÙÏ‰ ˘Ï ∑¨ ‡ÊÈ

‰ÓÒÙ¯ È˙ÁÏ˜ ·≠∑Æ

„‚ÈÌ ˘ÈË‰ ÊÂ ÚÏ ˘ÏÂ˘‰

ÓÒÙ¯ÈÌ∫

˙ÂÍ ˘ÈÓÂ˘ ·‡Á˙ Ó‰˘ÈËÂ˙

Ï·„È˜˙ ˘˘˙ ‰ÓÒÙ¯ÈÌ ˘Ï

‰ÏÈˆÈÌ Ó˙·¯¯ ˘‡Û ÓÒÙ¯

‡ÈÂ Ó˙ÁÏ ̃·≠∑Æ ‡ÂÏÈ ‰˘‡Ï‰

˘‚ÂÈ‰°°

‰˙˘Â·‰ Ï‡° Ó„Â·¯ ·ÏÈˆÈÌ

Â‰¯È ÓÒÙÈ˜  ˘·ÚÏ ‰ÒÙ¯‰ ∂

ÈÚÓÂ„ ÚÏ È„ÈÂ Â˙˙˜·Ï ‰ÒÙ¯‰ π ÂÈ˙ÎÂ ˘˘ ̇‰ÓÒÙ¯ÈÌ ‰·‡ÈÌ∫ ©±≥π® ̈©≥±π® ̈©±π≥® ̈©π±≥® ̈©≥π±®¨ ©π≥±®

·„È˜˙ ‰ÁÏÂ˜‰ ·≠∑ Â˙˙ ˘‰ÒÈ„Â¯ ‰ÈÁÈ„ ‰Â‡ ‰ÓÒÙ¯ ±≥π ˘Ó˙ÁÏ˜ ·≠∑Æ

Ó‡Á¯ ˘ÚÂÒ˜ÈÌ ·ÏÈˆÈÌ¨ ‰¯È ˙˙Î‰ ÚÂ„ ≥ ‡Ù˘¯ÂÈÂ˙ ÂÒÙÂ˙ Ù¯È ÈˆÈ¯˙ÈÂ˙∫

™±≥∂ — ‰ÏÈˆÔ ·ÚÏ ‰ÒÙ¯‰ ± ¢Ó˙Ó˜Ì¢ ÚÏ Î˙ÈÙÈÂ ˘Ï ·ÚÏ ‰ÒÙ¯‰ ≥Æ

™≥±π — ‰ÏÈˆÔ ·ÚÏ ‰ÒÙ¯‰ ∂ ÚÂÓ„ ÚÏ È„ÈÂ Â‰ÏÈˆÔ ·ÚÏ ‰ÒÙ¯‰ ≥ ¢Ó˙Ó˜Ì¢ ÚÏ Î˙ÈÙÈÂ ˘Ï ·ÚÏ

‰ÒÙ¯‰ ±Æ

öéåø îñ§ ¸

    
  

   
  

         
                    

               

      
  

     
 

    
  

   
  

        
               

     
 

    
 

   
  

        
                         

                    



—  ±∑π—

‰˜ÈËÓ˙ÓÂ ÔÂ·˘Á È„ÂÓÈÏ· ‰·È˘Á‰ ÁÂ˙ÈÙÂ ‰Èˆ·ÈËÂÓ ˙¯·‚‰Ï ÈÏÎÎ ˙ÂÓÈ˘Ó ˙‚ˆ‰

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

™≥∂ — ‰ÏÈˆÔ ·ÚÏ ‰ÒÙ¯‰ ± ÓÒ˙˙¯ Ó‡ÁÂ¯È ̆È Á·¯ÈÂÆ

Ó˘ÈÓ‰ „ÂÓ‰ ‡Ù˘¯ Ï˙˙ Ï˙ÏÓÈ„ÈÌ ÚÌ ‡¯·Ú‰ ÏÈˆÈÌ ·ÚÏÈ ‰ÒÙ¯Â˙¨ π¨ ∂¨ ¥¨ ± ÂÈ̇˜·ÏÂ ÓÒÙ¯

˙˘Â·Â˙ ÚÂ„ ÏÙÈ ‰˘ÈÓÂ˘ ·‡ÂÙˆÈ‰ ˘Ï ÚÓÈ„‰ ÚÏ ‰È„ÈÈÌ ‡Â ‰˙Ó˜ÓÂ˙ ÚÏ ‰Î˙ÙÈÈÌÆ

 ∑ ßÒÓ ‰ÓÈ˘Ó—øÛÈÏÁ‰Ï ÌÈÒÈË¯Î ‰ÊÈ‡ 
‰Ó˘ÈÓ‰ „ÂÓ‰ ÏÓ˘ÈÓ‰ ‰˜Â„Ó˙Æ ÚÏ≠‚·È Î¯ËÈÒÈÌ ¯˘ÂÓÈÌ ÓÒÙ¯ÈÌÆ

‰Î¯ËÈÒÈÌ ÓÒÂ„¯ÈÌ ·̆È ËÂ¯ÈÌ¨ Î¯‡‰ ·Ë·Ï‰ ÓÒß ∂Æ ‡ÈÊ‰ ÊÂ‚ Î¯ËÈÒÈÌ È˘

Ï‰ÁÏÈÛ ·ÈÔ ‰ËÂ¯ÈÌ Î„È Ï˜·Ï ÒÎÂÓÈÌ ˘ÂÂÈÌ ·̆È‰Ìø

„¯Í ‰Ù˙¯ÂÔ∫

ÏÎ‡Â¯‰ Ó‡Á¯ Â‰ÒÎÂÌ ‰ÎÂÏÏ ˘Ï ÎÏ ‰ÓÒÙ¯ÈÌ ˘ÚÏ≠‚·È ‰Î¯ËÈÒÈÌ ‰Â‡

±≤±¨ ‰¯È ˘˘ÂÌ ‰ÁÏÙ‰ Ï‡ ˙·È‡ Ï˘ÈÂÂÈÂÔ ·ÈÔ ‰ÒÎÂÓÈÌ ˘Ï ‰ËÂ¯ÈÌÆ ‡Ì ÎÍ¨

‡ÈÔ Ù˙¯ÂÔ ÏÓ˘ÈÓ‰° Á˘È·‰ ÈˆÈ¯˙È˙ ‡ÎÔ Â˙˙ Ù˙¯ÂÔÆ Î‡˘¯ ÓÚ·È¯ÈÌ

·Ó‰ÂÙÍ ‡˙ ‰Î¯ËÈÒ ÚÌ ‰ÓÒÙ¯ ∂ ÓËÂ¯ ‡ß ÏËÂ¯ ·ß¨ ÙÂÁ˙ ‰ÒÎÂÌ ·ËÂ¯ ‡ß Ï≠

µµ Â‚„Ï ‰ÒÎÂÌ ·ËÂ¯ ·ß Ï≠π∂Æ ‰Ú·¯˙ ‰Î¯ËÈÒ ÚÌ ‰ÓÒÙ¯ ∑ ÓËÂ¯ ·ß ÏËÂ¯ ‡ß

Ó·È‡‰ Ï˘ÈÂÂÈÂÔ ˘Ï ≤∂ ·ÒÎÂÌ ‰ËÂ¯ÈÌÆ

 ∏ ßÒÓ ‰ÓÈ˘Ó—≤µ ¯ÙÒÓ‰ ˙‡ Ï·˜Ï 
˙ÂÂ˙ ‰ÒÙ¯Â ̇∏ ̈∂¨ ¥¨ ≤Æ È ̆Ï˜·Ï ‡ ̇‰ÓÒÙ¯ µ≤ ·ÚÊ¯ ̇ÙÚÂÏÂ ̇‰Á˘·ÂÔ ‰‡Ù˘¯ÈÂ˙∫ ÁÈ·Â¯¨ ÁÈÒÂ¯¨

ÎÙÏ ̈ÁÈÏÂ˜ ̈ÁÊ˜‰ ̈˘Â¯˘ ̈Úˆ¯ ̇©°® ̈ÒÂ‚¯ÈÈÌ ̈‰ÒÈÓÔ  ∞ ÂÎÔ ÚÏ≠È„È ‰ˆÓ„ ̇ÒÙ¯Â˙Æ Ù˙¯ÂÂ ̇‡Ù˘¯ÈÈÌ

©È̇ÎÔ ˘È̆Ì ÂÒÙÈÌ®∫

™8 − 6 : 4( )2
 ‡Â 8 − 6 :2( )4

™6 ⋅8 + 2( ) : 4

™4!+8 : 6 + 2( ) ‡Â 4!+ 8 − 2( ) : 6 ‡Â 4!+ 8 − 6( ) : 2

™28 − 6 : 4

™4 ⋅ 6 + 8 − 2∞ ‡Â 4 ⋅ 6 + 8 + 2∞ ‡Â 4 ⋅ 6 + 8 :2∞

‰‡Ù˘¯Â˙ ‰‡Á¯Â‰ ÈÎÂÏ‰ Ï˘Ó˘ Î„Â‚Ó‰ ÏÏÈÓÂ„ ‰Â˘‡ ˘Ï ‚·ÂÏÂ˙Æ

 π ßÒÓ ‰ÓÈ˘Ó—ÌÈ„ÁÂÈÓ ÌÈ¯ÙÒÓ ‡ÂˆÓÏ 
ÏÓˆÂ‡ ÓÒÙ¯ ‰Ó˙ÁÏ˜ Ï≠∑ ·Ï‡ ˘‡¯È̇ ÂÎ˘ÓÁÏ˜ÈÌ ‡Â˙Â Ï‡Á„ Ó‰ÓÒÙ¯ÈÌ ∂¨ µ¨ ¥¨ ≥¨ ≤ Ó˙˜·Ï˙

˘‡¯È˙ ±Æ

‰Ú¯‰∫ ÏÓˆÂ‡ ‡˙ ‰ÓÒÙ¯ ‰˜ËÔ ·ÈÂ˙¯ ‰ÚÂ‰ Ï„¯È˘‰ Â‡˙ ‰ÎÏÏ ÏÓˆÈ‡˙ ˘‡¯ ‰ÓÒÙ¯ÈÌÆ

„¯Í ‰Ù˙¯ÂÔ∫ È̇Ô Ï¯˘ÂÌ ‡˙ Ò„¯˙ ‰ÓÒÙ¯ÈÌ ˘·ÁÏÂ˜˙Ì ·≠≤ Ó˙˜·Ï˙ ˘‡¯È˙ ± ©ÎÏ ‰ÓÒÙ¯ÈÌ

‰‡È≠ÊÂ‚ÈÈÌ®¨ ‡˙ Ò„¯˙ ‰ÓÒÙ¯ÈÌ ˘·ÁÏÂ˜˙Ì ·≠≥ Ó˙˜·Ï˙ ˘‡¯È˙ ± ©ÆÆÆ≥±¨ ∞±¨ ∑¨ ¥® ÂÎÍ ‡˙ ˘‡¯

‰Ò„¯Â˙¨ ÂÏ‰ÂÒÈÛ ‡˙ Ò„¯˙ ‰ÓÒÙ¯ÈÌ ‰Ó˙ÁÏ˜ÈÌ ·≠∑ ÏÏ‡ ˘‡¯È˙Æ Ó˜·ÏÈÌ Ò„¯Â˙ ÚÌ ÓÒÙ¯ÈÌ

¯·ÈÌ Ú„ ˘Ó˜·ÏÈÌ ‡˙ ‰ÓÒÙ¯ ‰¯‡˘ÂÔ ‰ÓÂÙÈÚ ·ÎÏ ‰Ò„¯Â˙Æ

          

            
  
  
  
    
    
    
    



Ó˘‰ ÒËÂÙÏ

—  ±∏∞— ˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

„¯Í ˜ˆ¯‰ ÈÂ˙¯¨ ‰È‡ Ï‰˙Ó˜„ ·ÓÒÙ¯ÈÌ ˘ÒÙ¯ ̇‰‡Á„Â˙ ˘Ï‰Ì ‰È‡ ± ‡Â ∂ ÎÈ ÓÒÙ¯ÈÌ ‡ÏÂ Â˙ÈÌ

˘‡¯È˙ ± ·ÁÏÂ˜‰ Ï≠µÆ ‰‡Ù˘¯Â˙ ˘ÓÒÙ¯ ÓÒ˙ÈÈÌ ·≠∂¨ ‰È‡ ·Ï˙È ‡Ù˘¯È˙ ÎÈ ÁÏÂ˜˙Â Ï≠≤ Â˙˙

˘‡¯È˙ ∞Æ ÏÎÔ ÒÙ¯˙ ‰‡Á„Â˙ ˘Ï ‰ÓÒÙ¯ ÁÈÈ·˙ Ï‰ÈÂ˙ ‡Á˙Æ

‰ÓÒÙ¯ÈÌ ˘ÈÎÂÏÈÌ ÏÚÂ˙ Ï„¯È˘‰¨ ‡Â˙Ì ‰ÓÒÙ¯ÈÌ ‰Ó˙ÁÏ˜ÈÌ Ï≠∑ ·Ï‡ ˘‡¯È̇¨ ÂÒÙ¯˙ ‰‡Á„Â˙

˘Ï‰Ì ±¨ ‰Ì ‰Ò„¯‰ ‰Á˘·ÂÈ˙ ‰·‡‰∫

ÆÆÆ¨ ±±≤±¨ ±±¥±¨ ±∑∞±¨ ±∞∞±¨ ±≥π¨ ±∂∏¨ ±π∑¨ ∑≤±¨ ±µ∂¨ ±∏µ¨ ±±µ¨ ±¥¥¨ ±∑≥¨ ¨≥∞± ±≥≤¨ ±∂±¨ ±π¨ ±≤Æ
ÚÏ≠È„È ·„È˜˙ ‰ÓÒÙ¯ÈÌ ‰Â˙ÈÌ ·ÁÏÂ˜˙Ì Ï≠∂¨ µ¨ ¥¨ ≥¨ ≤ ˘‡¯È̇ ± Ó˜·ÏÈÌ ˘·Ò„¯˙ ‰ÓÒÙ¯ÈÌ

‰ÚÂÈÌ Ï„¯È˘Â ̇‰Ì∫ ÆÆÆ ̈±¥±± ̈±≤∑ ̈±∞≥ ÎÏÂÓ ̄Ò„¯‰ Á˘·ÂÈ̇ ‡ÈÒÂÙÈ̇ ˘‡È·¯‰ ‰¯‡˘ÂÔ ±∞≥ Â‰Ù¯˘‰

∞≤¥Æ

¯‡ÂÈ Ï˘‡ÂÏ ‡˙ ‰˙ÏÓÈ„ÈÌ Ó„ÂÚ ‰Ù¯˘ ‰Ò„¯‰ ∞≤¥ø Ó‰ ‰˜˘¯ ÏÓÒÙ¯ÈÌ ∑¨ µ¨ ¥¨ ≥¨ ≤ø

ÌÂÎÈÒ
˙˘Ú ‰Ó˘ÈÓÂ ̇˘‰Âˆ‚Â ÎÓ˘ÈÓÂ ̇‰‡‰ ̈˙¯‚ÂÏ ÂÁ˘È·‰ ̈È ̆·‰Ô Ï‰¯‡Â ̇‡ ̇‰ÈÂÙÈ ‰‚ÏÂÌ ·Ó˙ÓËÈ˜‰

Â‡˙ ‰ÚÂ˘¯ ˘Ï ÚÂÏÌ ‰ÓÒÙ¯ÈÌÆ È˙Ô Ï‰˘˙Ó˘ ·„Â‚Ó‡Â˙ ‰¢Ï Î·ÒÈÒ Ï·ÈÈ˙ ÁÈ„Â˙ Â‡˙‚¯ÈÌ

ÂÒÙÈÌÆ „¯ÎÈ ‰È̇ÂÁ¨ ˘‰Â·‡Â ÏÎÏ Ó˘ÈÓ‰ ÈÎÂÏÈÌ Ï˘Ó˘ ÎÎÏÈÌ Ï‰˙ÓÂ„„Â˙ ÚÌ ·ÚÈÂ˙ ‡Á¯Â˙Æ

˙ÂÓÂ˜Ó È‡¯Ó
±Æ‡·Ô≠˘Â˘Ô¨ ‡ß¨ ·˜¨ Èß ©∑¥π±®Æ ÁÂ„ ÁÈ„‰Æ È¯Â˘ÏÈÌ¨ ˘ß Ê˜ Â˘Â˙Æ

≤Æ·Ô ÚÊ¯‡¨ ‡ß ©≥∏π±¨ ¥ππ±®Æ ˘ÈÚÂ¯ ÁÂÙ˘ÈÆ ÁÈÙ‰¨ ˜¯ËÂ·Æ

≥Æ·¯Ò¨ Óß ©π∑π±®Æ ‡È ˘Â‡ Ó˙ÓËÈ˜‰Æ ˙Ï≠‡·È·¨ ÈˆÈÌÆ

¥Æ·Ô≠ˆÈÂÔ¨ ‡ß ©µ∏π±®Æ Ï˙ÙÂÒ ¯‡˘ — ÁÈ„Â˙ Â˘Ú˘ÂÚÈ ‰È‚ÈÂÔÆ ˙Ï≠‡·È·¨ ˙Ó¯Æ

µÆÓÎÏÏ˙ È¯Â˘ÏÈÌ ©∂ππ±®Æ ‡ÏÛ ‡ÙÒ — ÁÂ·¯˙ ˘Ú˘ÂÚÈ Ó˙ÓËÈ˜‰Æ È¯Â˘ÏÈÌ¨ ‰ÓÎÏÏ‰Æ

∂Æ‡·ÈËÏ¨ ˘ß ©±ππ±®Æ Ó˙ÓËÈ˜‰ ·‰‡‰Æ ˙Ï≠‡·È·¨ ÚÌ ÚÂ·„Æ

∑ÆFraser, P. & Young, E. (1972). Puzzels and Games. Oxford University Press

∏ÆRademacher, H. & Toeplits, O. (1994). The Enjoyment of Mathematics. Princton University Press

πÆ‰È¯˘¨ ‚ß ©πππ±®Æ Ó˙ÓËÈ˜‰ ‡Á¯˙Æ ‡·Ô È‰Â„‰¨ ¯ÎÒÆ

∞±Æ˘ÚÂ˙ ÂÒÙÂ˙ ©Ó„Â¯®¨ ÓÂÒÛ ∑ ÈÓÈÌ — È„ÈÚÂ˙ ‡Á¯ÂÂ˙¨ πππ±Æ≤Æ∂≤Æ

±±ÆÒËÂÙÏ¨ Óß ©˙̆¢Ê®Æ Ó˘ÈÓÂ˙ Â˘Ú˘ÂÚÈ Ó˙ÓËÈ˜‰ Î‡ÓˆÚÈ ÏÈˆÈ¯˙ ‰Ú‰ Â‰˘·Á˙ ÏÈÓÂ„È ‰Ó˜ˆÂÚ¨ ˘‡Ô¨ ‚ß¨
˘˙ÂÔ ‰ÓÎÏÏ‰ ‰„˙È ÏÁÈÂÍ¨ ÁÈÙ‰¨ ÚÓß π¥±Æ

≤±Æ‡Â˜ÒÓÔ¨ ‡ß ̈ÒËÂÙÏ¨ Óß ©∏ππ±®Æ ÁÈ„Â˙ ̈·ÚÈÂ˙ ÂÓ˘ÈÓÂ˙ Ó˙ÓËÈÂ˙ ·ÚÏÂ ̇Ù˙¯ÂÂ˙ ÚÌ ÓÒÙ¯ÈÌ ˘ÏÓÈÌ ·Ï·„ ̈ÚÏ¢‰
— ÚÏÂÔ ÏÓÂ¯‰ ‰Ó˙ÓËÈ˜‰¨ ≤≤Æ

≥±Æ˘ÚÂ˙ ÂÒÙÂ˙ ©Ó„Â¯®¨ ÓÂÒÛ ∑ ÈÓÈÌ — È„ÈÚÂ˙ ‡Á¯ÂÂ˙¨ πππ±Æ≥Æ∂≤Æ

¥±Æ‰ËÎÈÂÔ ©‡„¯¨ ˙̆¢Ë®Æ ˙·ÏÈÈÌ Ó˙ÓËÈÈÌ ©Ó˙ÂÍ ‰Ò„¯‰®¨ ÏÚ˘Â˙ Ó˙ÓËÈ˜‰ — ÓÁ¯ ∏π¨ ÁÈÙ‰¨ ‰ÓÁÏ˜‰ Ï‰Â¯‡˙
‰Ó„ÚÈÌÆ


