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˙ÈÙÂÏÈÁ ‰ÈÈ· ÏÚ ˙ÂÒÒ·˙Ó‰ ¨‰Ò„‰· ‰ÁÎÂ‰ ˙ÂÓÈ˘Ó

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

‰Ò„‰· ‰ÁÎÂ‰ ˙ÂÓÈ˘Ó

˙ÈÙÂÏÈÁ ‰ÈÈ· ÏÚ ˙ÂÒÒ·˙Ó‰

 ∫ÌÈ¯‡˙ÆÌÈÈÒ„‰ ÌÈÓÂ˘ÈÈ ª˙ÈËÓ˙Ó ‰ÈˆÈ‡ÂËÈ‡ ª‰·È˘Á È¯‚˙‡ ª˙ÂÈÙÂÏÈÁ ˙ÂÈÒ„‰ ˙ÂÈ·

Ó˘‰ ÒËÂÙÏ¨ ¯ÁÏ ÓÂ‚ÈÏ·Ò˜È

˙˜ˆÈ¯
‰·ÈÈ‰ ‰ÁÈÏÂÙÈ˙ ‰È‡ ‡ÓˆÚÈ ÏÙÈ˘ÂË „¯ÎÈ ‰Ù˙¯ÂÔ ˘Ï ·ÚÈÂ˙ ‰„ÒÈÂ˙Æ ‰ÓÈÂÓÂ ̇ÏÓˆÈ‡˙ ·ÈÈ‰

ÁÈÏÂÙÈ ̇Ó˙‡ÈÓ‰ ¯Î˘ ̇ÂÓ˘˙Ù¯ ̇˙ÂÍ Î„È ‰˙ÓÂ„„Â ̇ÚÌ Ó‚ÂÂÔ ˘Ï ·ÚÈÂ ̇·„ÂÓ‰ Ï‡ÏÂ ‰ÓÂÙÈÚÂ˙

·Ó‡Ó¯Æ Ï‰·ÏË˙ ÈÂÙÈ‰ ˘Ï ‰Ó˙ÓËÈ˜‰¨ ‰Â·‡Â ÏÁÏ˜ Ó‰Ó˘ÈÓÂ˙ Ù˙¯ÂÂ˙ ‡Á„ÈÌÆ

∫‡Â·Ó
‰„Ò˙ ‰ÓÈ˘Â¯¨ ‰Â‡ ‡Á„ Ó‰ÚÙÈÌ ‰ÈÙÈÌ ˘Ï ‰Ó˙ÓËÈ˜‰¨ ‰·ÂÈ ÚÏ Ó˘ÙËÈ ÈÒÂ„ ÂÓ˙Ù˙Á Ï¯ÓÂ˙

‚·Â‰Â˙ ÂÓÂ¯Î·Â˙ ¯·‰Æ ÎÎÏ ˘Ó˙˜„ÓÈÌ ·˙ÁÂÌ¨ „¯˘˙ Á˘È·‰ ÚÓÂ˜‰ ·¯Ó‰ ˘Ï ‡ÏÈÊ‰ ÂÒÈ˙Ê‰

Ï‡Á¯ ‰ËÓÚ‰ ÂÈÎÂÏ˙ ÈÈ˘ÂÌ ˘Ï Ó˘ÙËÈ ÈÒÂ„ ÂËÎÈ˜‰ ·ÒÈÒÈ̇ ©ÁÙÈÙ‰ Â„ÓÈÂÔ Ó˘ÂÏ˘ÈÌ¨ ‰Ú˙˜‰

ÂÒÈ·Â·¨ ˙ÎÂÂ˙ ˘Ï ÓˆÂÏÚÈÌ ÂÎÂß®Æ

Ù˙¯ÂÔ ·ÚÈÂ˙ ¯·Â˙¨ ˘‡ÈÔ ÓÂ¯Î·Â˙ ·ÓÈÂÁ„¨ ÓÁÈÈ· „¯ÎÈÌ ·Ï˙È≠ÒË„¯ËÈÂ˙¨ ˘ÈÓÂ˘ ·‡ÈËÂ‡ÈˆÈ‰¨

¯‡ÈÈ‰ ÓÙÂ˙Á˙¨ Á˘È·‰ Ó˜Â¯È̇¨ ˘ÈÏÂ· ·ÈÂ˙ ÁÈÏÂÙÈÂ˙¨ Î‚ÂÔ∫ ‰Ú·¯˙ ˜ÂÂÈ ÚÊ¯¨ ‰Ú˙˜˙ ˜ËÚÈÌ¨

ÒÈ·Â· ˆÂ¯Â˙ ‚È‡ÂÓË¯ÈÂ˙¨ ˘ÈÓÂ˘ ·ÒÈÓË¯È‰ ÂÎ„ßÆ ÎÎÏ ˘Ó˙ÒÈÌ ·Ù˙¯ÂÔ ·ÚÈÂ˙ ÈÈÁÂ„ÈÂ˙¨ ¯ÂÎ˘ÈÌ

ÂÓÙ˙ÁÈÌ ‡ ̇‰ÓÈÂÓÂÈÂ ̇‰¢Ï ̈˘Ó‡Ù˘¯Â ̇‰˙ÓÂ„„Â ̇ÚÌ ‡˙‚¯È Á˘È·‰ ·˙ÁÂÓÈÌ ‡Á¯ÈÌ ̈ÂÏ‡ ¯˜

·Ó˙ÓËÈ˜‰Æ

Ï˜Ë ‰·ÚÈÂ˙ ‰ÓÂˆ‚Â ̇·Ó‡Ó ̄Ê‰ ̈Ó‰ÂÂ‰ „Â‚Ó‰ Ï˘ÈÓÂ ̆··ÈÂ ̇ÁÈÏÂÙÈÂ ̇·„¯Í Ù˙¯ÂÔ Ù˘ÂËÆ ‰Ï˜Ë

‡ÒÛ ÓÓ˜Â¯Â˙ ˘ÂÈÌ Â˘ÂÏ·Â ·Â ·ÚÈÂ˙ Ó˜Â¯ÈÂ˙Æ ÏÁÏ˜ Ó‰·ÚÈÂ˙ ‰Â·‡Â ÎÓ‰ „¯ÎÈ Ù˙¯ÂÂ˙¨ Î„È

Ï‰·ÏÈË ‡˙ ÚÂ˘¯‰ ÂÈÂÙÈ‰ ˘Ï ‰Ó˙ÓËÈ˜‰Æ ÏÓ˙ÚÈÈÈÌ ·Â˘‡ ÓÂÓÏı ÏÚÈÈÔ ·Ó˜Â¯Â˙ ±≠¥Æ

 ± ßÒÓ ‰ÓÈ˘Ó—˙ÂÈÂÂÊ ÌÂÎÒ ˙ÁÎÂ‰ 
˙ÂÔ ÓÏ·Ô ABCD ‰ÓÂ¯Î·

Ó˘ÏÂ˘‰ ¯È·ÂÚÈÌ Ê‰ÈÌ∫

KLMN, AKND Â≠ LBCM
©ˆÈÂ¯ ÓÒß ±®Æ

‰Ú·È¯Â ‡˙ ‰È˘¯ÈÌ DL Â≠DB
‰ÈÂˆ¯ÈÌ ÊÂÂÈÂ ̇α Â≠β ÚÌ ‰ˆÏÚ

ABÆ È˘ Ï‰ÂÎÈÁ ÎÈ α+β=450 Æ

·ÚÏÈ È„Ú ·Ë¯È‚ÂÂÓË¯È‰ ·¯Ó‰

˘Ï ¥≠µ È¢Ï ÈÎÂÏÈÌ Ï‰ÂÎÈÁ Ê‡˙
          

A K L B

CMND

α β
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·˜ÏÂ˙Æ ·È‡ ˙ÁÈÏ‰ ‡˙ ‰„¯Í ‰Ë¯È‚ÂÂÓË¯È˙Æ

˙È¯ËÓÂÂ‚È¯Ë Í¯„· ‰ÁÎÂ‰

ÒÓÔ ‡˙ ‡Â¯Í ˆÏÚ ‰¯È·ÂÚ ·≠aÆ

tg =
a

2a
=

1

2
,tg =

a

3a
=

1

3

ÏÙÈ ‰ÂÒÁ‰ ˘Ï tg +( ) ˜·Ï∫

tg +( ) =

1

2
+

1

3

1 − 1

2
⋅ 1

3

=

5

6
5

6

= 1 => + = 450
¨ ÓÆ˘ÆÏÆ

≠ÏÚ ˙ÈÒ„‰ Í¯„· ‰ÁÎÂ‰

˙ÈÙÂÏÈÁ ‰ÈÈ· È„È

˘ÎÙÏ ‡˙ ‰ÓÏ·Ô ‰Ó˜Â¯È

Â˜·Ï ‡˙ ‰ÓÏ·Ô ABB'A'
‰¯‡‰ ·ˆÈÂ¯ ÓÒß ≤Æ

Ú·È¯ ‡˙ ‰È˘¯ÈÌ BL'  Â≠

DL' Â˜·Ï Ó˘ÂÏ˘ DL'B
˘¢˘ ©BL' Â≠DL' ‡ÏÎÒÂÈÌ

·ÓÏ·ÈÌ ÁÂÙÙÈÌ®Æ

È˙Ô Ï‰¯‡Â˙ ·˜ÏÂ˙

˘≠D
1
=β    Â≠D

2
=α 

ÎÏÂÓ¯¨ BDL=α+β  Æ

ÚÏ≠ÒÓÍ Ó˘ÙË ÙÈ˙‚Â¯Ò

·Ó˘ÂÏ˘ÈÌ DAL Â≠DAB
˜·Ï∫

BL' = DL' = a 5, DB = a 10
ÓÎ‡Ô Ó˜·ÏÈÌ ˘Ó˘ÂÏ˘ DL'B ‰Â‡ ‚Ì È˘¯ ÊÂÂÈ̇

a 5( )2
+ a 5( )2

= a 10( )2( )
ÂÚÏ ÎÔ ÎÏ ‡Á˙ ÓÊÂÂÈÂ˙ ‰·ÒÈÒ ˘ÏÂ ‰Ô ·Â˙ ∞µ¥ ©ÏÓ˘Ï  BDL' ®Æ

ÎÏÂÓ¯∫   α+β = 450         ÓÆ˘ÆÏÆ
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˙ÈÙÂÏÈÁ ‰ÈÈ· ÏÚ ˙ÂÒÒ·˙Ó‰ ¨‰Ò„‰· ‰ÁÎÂ‰ ˙ÂÓÈ˘Ó

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

ÌÈ˘ÏÂ˘Ó ÔÂÈÓ„ È„È≠ÏÚ ˙ÈÒ„‰ Í¯„· ‰ÁÎÂ‰

˙·ÂÔ ·Ó˘ÂÏ˘ÈÌ LKD Â≠DKB ©ˆÈÂ¯ ÓÒß ≥®Æ

ÊÂÂÈÂ˙ DKL =  DKB   — ÊÂÂÈ̇ Ó˘Â˙Ù˙ ©È˘ Ï‰ÂÎÈÁ ˘Ú¯Î‰ ∞µ≥±®¨ ÈÁÒ ‰ˆÏÚÂ˙ ‰ÎÂÏ‡Â˙ ‡˙

‰ÊÂÂÈ̇ ˘ÂÂ‰∫

DK

KL
=

a 2

a
= 2;

BK

DK
=

2a

a 2
= 2

ÏÎÔ Ó˘ÂÏ˘ÈÌ LKD Â≠DKB „ÂÓÈÌÆ

Ó‰ÂÎÁ˙ ‰„ÓÈÂÔ Â·Ú ˘‰Ó˘ÂÏ˘ÈÌ ÓÂ¯Î·ÈÌ Ó‰ÊÂÂÈÂ˙ α, β, 1350 ÂÚÏ ÎÔ α+β = 450¨ ÓÆ˘ÆÏÆ

¯‡‰ ·ÚÈ‰ „ÂÓ‰ ©ÓÒß ≤® ·Ó˜Â¯

ÓÒß µÆ

˙È¯·‚Ï‡ Í¯„· ‰ÁÎÂ‰

·‰ ÓÚ¯Î˙ ˆÈ¯ÈÌ ˘¯‡˘È˙Ì

·˜Â„‰ D ©ˆÈÂ¯ ÓÒß ¥®Æ

˙·ÂÔ ·ÓÒÙ¯ÈÌ Ó¯ÂÎ·ÈÌ

‰Ó˙‡ÈÓÈÌ Ï˜„˜Â„ÈÌ ˘Ï

‰ˆÂ¯‰Æ

Z L = 2a + ai = DL cos + i sin( )
ZB = 3a + ai = DB cos + isin( )

ÎÙÂÏ ‡˙ ‰ÓÒÙ¯ÈÌ∫

Z L ⋅ ZB = 2a + ai( ) 3a + ai( ) = 6a2 + 5a2i − a2 = 5a2 1 + i( ) =

= 5 2a2 cos450 + isin450( )

          

K a L
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a 5

α
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β
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Ó˘‰ ÒËÂÙÏ Â¯ÁÏ ÓÂ‚ÈÏ·Ò˜È

—  ±∏¥— ˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

Óˆ„ ̆È¨

Z L⋅ ZB = DL⋅ DB cos +( ) − isin +( )( )
Ó‰˘ÂÂ‡˙ ‰·ÈËÂÈÈÌ Ó˜·ÏÈÌ∫

+ = 450
¨       ÓÆ˘ÆÏÆ

 ≤ ßÒÓ ‰ÓÈ˘Ó—ÌÈÚË˜ ÔÈ· ÔÂÈÂÂ˘ ˙ÁÎÂ‰ 
·¯È·ÂÚ ABCD ‰˜Â„Â˙ K Â≠M Óˆ‡Â˙ ÚÏ ‰ˆÏÚÂ˙ BC Â≠CD
·‰˙‡Ó‰ ̈Î‡˘ ̄AM ‰Â‡ ÁÂˆ‰ ‰ÊÂÂÈ ̇KAD ©ˆÈÂ ̄ÓÒß µ®Æ È ̆Ï‰ÂÎÈÁ

ÎÈ ‡Â¯Í ‰˜ËÚ AK ˘ÂÂ‰ ÏÒÎÂÌ ‡Â¯ÎÈ ‰˜ËÚÈÌ DM Â≠BK ©Ï‡ ˙ÏÂÈ

·ÊÂÂÈ˙ α®Æ
ÒÓÔ ˙ÁÈÏ‰ ‡˙ ‡Â¯Í ˆÏÚ ‰¯È·ÂÚ ·≠a Â·≠α ‡˙ ‰ÊÂÂÈÂ˙∫

KAM =  MAD = α Æ

·È‡ ˙ÁÈÏ‰ ‰ÂÎÁ‰ Ë¯È‚ÂÂÓË¯È̇ Ï·ÚÏÈ È„Ú Ó˙‡ÈÌÆ

Æ˙È¯ËÓÂÂ‚È¯Ë Í¯„· ‰ÁÎÂ‰

·‰˙‡Ì ÏÒÈÓÂÔ ‰ÊÂÂÈ˙ α Ó˜·ÏÈÌ AKB = 2α 

sin2 = a
AK

=> AK = a
sin2

ctg2 =
BK

a
=> BK = actg2

tg =
MD

a
=> MD = atg

È˘ Ï‰ÂÎÈÁ ÎÈ

a

sin2
= actg2 + atg

AK
⇑

BK
⇑

MD
⇑

                     Â‡
1

sin2
= ctg2 + tg

ctg2 + tg =
cos 2

s i n 2
+

sin

cos
=

cos2 cos + sin2 sin

sin2 cos
=

cos 2 −( )
s i n 2 cos

=

= cos
sin2 cos

= 1
s i n 2

ÓÆ˘ÆÏÆ
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˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

˙ÈÙÂÏÈÁ ‰ÈÈ· È„È≠ÏÚ ‰ÁÎÂ‰

ÒÂ·· ‡˙ ‰Ó˘ÂÏ˘ ADM ·≠∞∞π Ò·È· ‰˜Â„‰ A ©ˆÈÂ¯ ÓÒß

∂®Æ Ó˙˜·Ï Ó˘ÂÏ˘ ABL ‰ÁÂÙÛ ÏÂÆ

ÁÈ˘Â· ÊÂÂÈÂ˙ ·Ó˘ÂÏ˘ KAL Ó¯‡‰ ˘‰Ó˘ÂÏ˘ ˘¢˘

©KLA=  KAL=90--α  ® ÂÏÎÔ¨

KA=LK=LB+BK=MD+BK ©·‰Ò˙ÓÍ ÚÏ ÎÍ

∆ABL≅∆ADM®¨ ÓÆ˘ÆÏÆ

˙ÈÂÂÊ‰ ‰ˆÂÁ ËÙ˘ÓÂ ÌÈ˘ÏÂ˘Ó ÔÂÈÓ„ È„È≠ÏÚ ‰ÁÎÂ‰

Â¯È„ ‡Í KE ÏˆÏÚ ADÆ ‰‡Í ÁÂ˙Í ‡˙ AM ·˜Â„‰  O
©ˆÈÂ¯ ÓÒß ∑®Æ

ÒÓÔ∫ BK = x Â≠MD = yÆ  È˘ Ï‰ÂÎÈÁ ˘≠AK = x+yÆ

ÏÙÈ Ó˘ÙË ÁÂˆ‰ ‰ÊÂÂÈ̇¨   
AK

x
=

KO

OE
Æ

KO = a-OE ¨  ÂÏÎÔ AK = x ⋅
a − OE

OE
ÚÏ ÒÓÍ ‰„ÓÈÂÔ ·ÈÔ ‰Ó˘ÂÏ˘ÈÌ AEO Â≠ADM ÂÎÏ Ï¯˘ÂÌ ‡˙ ‰ÈÁÒ

‰Ê‰∫  
x

a
=

OE

y
¨   ‡Â   OE =

xy

a

ˆÈ· Ê‡˙ ··ÈËÂÈ ˘ˆÂÈÔ ÏÓÚÏ‰ Â˜·Ï AK = x ⋅
a −

xy

a
xy

a

=
a2 − xy

y

ÚÏ ÒÓÍ Ó˘ÙË ÙÈ˙‚Â¯Ò ·Ó˘ÂÏ˘ ABK¨ ÂÎÏ

Ï¯˘ÂÌ¨ a2 = AK2-x2

Â‰ˆ·‰ ·˜˘¯ ‰˜Â„Ì Â˙˙¨yAK = AK2-x2-xy Æ

Ú·È ̄‡ ̇xy Ï‡‚Û ˘Ó‡Ï ÂÂˆÈ‡ y ÓÁÂı ÏÒÂ‚¯ÈÈÌ¨

y(AK+x) = (AK+x)(AK-x) = AK2-x2

ˆÓˆÌ ·̆È ‰‡‚ÙÈÌ ‡˙ AK+x ©˘Â‰ Ó‡ÙÒ®

Â˜·Ï¨ AK = x+y ¨ ÓÆ˘ÆÏÆ

 ≥ ßÒÓ  ‰ÓÈ˘Ó—ÌÈ·ˆÈ ÌÈÚË˜ ˙ÁÎÂ‰ 
ABCD Â≠BKMN ‰Ì ̆È ¯È·ÂÚÈÌ ·ÚÏÈ ˜Â„˜Â„

Ó˘Â˙Û¨ Â≠BE ˙ÈÎÂÔ ·Ó˘ÂÏ˘ ABN ©ˆÈÂ¯ ÓÒß ∏®Æ

È˘ Ï‰ÂÎÈÁ ˘‰Ó˘ÎÂ ˘Ï BE ‰Â‡ ‚Â·‰ ·Ó˘ÂÏ˘ CBKÆ
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α
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x
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 ß‡ Í¯„—˘ÏÂ˘Ó ·Â·ÈÒ ˙ÂÚˆÓ‡· ˙ÈÙÂÏÈÁ ‰ÈÈ· È„È≠ÏÚ ‰ÁÎÂ‰ 

ÒÂ·· ‡˙ ‰Ó˘ÂÏ˘ BNA Ò·È· ˜Â„‰ B ·ÊÂÂÈ˙

˘Ï ∞∞π ÎÍ ˘‰ˆÏÚ BN ˙˙ÏÎ„ ÚÌ ‰ˆÏÚ BKÆ

˜Â„˜Â„ÈÂ ˘Ï ‰Ó˘ÂÏ˘ ˘ÒÂ·· ‰Ì BKA' Â‰˙ÈÎÂÔ

˘ÏÂ BE'Æ ‰ˆÏÚ BA' ˘Ï ‰Ó˘ÂÏ˘ BKA' ‰È‡

‰Ó˘Î‰ ˘Ï ‰ˆÏÚ BC¨ ‰ÈÂ˙ Â‰ˆÏÚ BA ÒÂ··‰

·≠∞∞πÆ ÏÙÈÎÍ CBA'K ‰Â‡ Ó˘ÂÏ˘Æ

Ó‡Á ̄˘≠CB = BA = BA' ̈ÂÎÔ KE' = E'A' ©Ó‰˙ÂÔ

AE = EN® ÓÎ‡Ô ˘≠BE' ‰Â‡ ˜ËÚ ‡ÓˆÚÈÌ

·Ó˘ÂÏ˘ CA'K ©ˆÈÂ¯ ÓÒß π®Æ

Ó˙ÎÂ˙ ˜ËÚ ‰‡ÓˆÚÈÌ Â·Ú ˘≠BE'||CKÆ

Î˘ÒÂ·· Ó˘ÂÏ˘ BAN ·≠∞∞π ÒÂ·· ‚Ì ‰È˘¯ BE
·≠∞∞π¨ ÎÏÂÓ¯¨ BE⊥BE'Æ

Ó‡Á¯ ˘‰ÂÎÁÂ ˘≠BE'||CK ÂÎÔ BE⊥BE'¨ ÏÎÔ

BE Â‰Ó˘ÎÂ BF Ó‡ÂÍ Ï≠CK¨ ÓÆ˘ÆÏÆ

 ß· Í¯„—˙ÈÙÂÏÈÁ ‰ÈÈ· È„È≠ÏÚ ‰ÁÎÂ‰ 

˙ÈÏÈ·˜Ó ˙ÈÈ· ˙ÂÚˆÓ‡·

ÒÓÔ ÊÂÂÈÂ˙∫ ABN=β,  ABE==α  Æ ‡¯ÈÍ

‡˙ ‰˜ËÚ BE Î‚Â„ÏÂ ÓÚ·¯ Ï˜Â„‰ EÆ ‰Ó¯Â·Ú

BNB'A ‰Â‡ Ó˜·ÈÏÈ̇ ©‰‡ÏÎÒÂÈÌ ÁÂˆÈÌ Ê‰ ‡˙

Ê‰®¨ ÎÙÈ ˘Ó˙Â‡¯ ·ˆÈÂ¯ ÓÒß ∞±Æ

BAB' = 180-β  ©ÊÂÂÈÂ˙ ÒÓÂÎÂ˙ ·Ó˜·ÈÏÈ̇®

KBC = 180-β  ©ÁÈ˘Â· ÊÂÂÈÂ ̇ÓÒ·È· Ï˜Â„˜Â„

B®Æ
ÂÏÎÔ ∆CBK≅∆BAB' ©ˆÆÊÆˆÆ®

ÓÁÙÈÙ˙ ‰Ó˘ÂÏ˘ÈÌ Â·Ú ÎÈ KCB = α   Æ

Óˆ„ ̆È¨ FBC = 900-α  ©‰˘ÏÓ‰ ÏÊÂÂÈ˙

˘ËÂÁ‰®Æ ÁÈ˘Â· ÊÂÂÈ˙ ·Ó˘ÂÏ˘ CBF Â˙Ô¨

 CFB = 1800-(  FCB+  CBF) = 1800-(α+900-α) = 900 ¨     ÓÆ˘ÆÏÆ

≥ ßÒÓ ‰ÓÈ˘ÓÏ Í˘Ó‰ ˙ÂÓÈ˘Ó
ÓÚ·È¯ÈÌ ‡˙ ‰È˘¯ÈÌ AK Â≠CN ‰Á˙ÎÈÌ ·˜Â„‰ P ©ˆÈÂ¯ ÓÒß ±±®Æ

È˘ Ï‰ÂÎÈÁ ÎÈ∫

Æ‡CN = AK
Æ·‰ ‰„Â˜PÈ‰ „Â˜ ‡ÈÁ‰ ˙˘‰ ÍÂ˙Ï ÛÒÂ·© ‰ÈÈ ‰„Â˜BÎ˙Á ‰·˘ ®ÚÓ‰ ÌÈ‚ÓÒÂÁ‰ ÌÈÏ˙‡ ÌÈ

·È¯‰ÆÌÈÚÂ

Æ‚CN⊥AK

          

AD

M

K

C

E

N

F

B

E’

A’

α

           

A
D

M

K

C

E
N

F

B

B’

β
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˙ÈÙÂÏÈÁ ‰ÈÈ· ÏÚ ˙ÂÒÒ·˙Ó‰ ¨‰Ò„‰· ‰ÁÎÂ‰ ˙ÂÓÈ˘Ó

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

Æ„ ¯˘È‰DM·ÂÚ ‰ Í¯„ ¯ ‰„Â˜PÆ

∫˙ÂÁÎÂ‰

ÒÓÔ ,  ABN==β  BCN==γÆ

Æ‡∆CBN≅∆ABK ÆˆÆÊÆˆ© —Ïˆ È˙˘ ˙ÂÚ

·È¯‰ Ï˘ÈÂÂÊ‰Â ÌÈÚÂ· ˙È Ì‰È— 90+βÆ®

ÈÙÁ‰Ó ∫Ú·Â ‰ÙCN=AKÏˆ© Ó ˙ÂÚÏÂ

· ˙ÂÂ˘ ˙ÂÈÂÂÊÓÆ˘ÆÓ ¨®ÌÈÙÙÂÁ ÌÈ˘ÏÂ˘ÆÏ

Æ·ÈÙÁÓÓ‰ ˙Ù· ÌÈ˘ÏÂ˘Ò≠˘ Ì‚ Ú·Â ß‡ ÛÈÚ

C
1
=  AA

1
=γ
·Ó Ú·Â¯DCPA∫

 DCP=90-γ ¨  DAP=90+γ  ¨

ÏÂ ¨ÔÎDCP+  DAP=1800  Î ¨ÓÂÏ ¨¯DCPAÓ · ÌÂÒÁ Ú·Â¯ÚÓ‚ÆÏ

‰˘ ˙ÂÈ‰ ˙Â„Â˜D,C,AÚÓ‰ ˙‡ ˙ÂÚ·Â˜ ‚·È¯‰ ˙‡ ÌÒÂÁ‰ Ï ÚÂABCD ̆È¯‰ ¨ ‰„Â˜PÈÈ˘ ˙Î

ÏÚÓ‰ Â˙Â‡‚ÆÏ

Ó Í¯„ ‰˙Â‡·ÎÂ˘ ÌÈÁÈÓ‰ Ì‚ Ú·Â¯NPKM· ‡Â‰ ÏÂ ‰ÓÈÒÁ≠¯‰ ÔÎ ‰„Â˜PÈÈ˘ ÚÓÏ ˙Î‚Ï

·È¯‰ ˙‡ ÌÒÂÁ‰ ÚÂBKMNÆ˘ÆÓ ¨ÆÏ

Æ‚Ò Ï˘ ‰ÁÎÂ‰‰ÓÓ˘ ¨ß· ÛÈÚ Ú·Â¯DCPA· ‡Â‰ ≠˘ Ú·Â ¨‰ÓÈÒÁ≠¯ CDA+  CPA=A=1800¨

Ó ˙Á‡˘ ¯Á‡ÓÈ‰ ˙ÂÈÂÂÊ‰ È˙˘ ˙· ‡900© CDA®Ó‰ Ì‚ ˙·ÈÈÁ ¨© ‰Ï˘ ‰ÓÈÏ˘CPA®˙ÂÈ‰Ï 

 ˙·900ÈÈ‰„ ¨ ¨ÂCN⊥AKÆ˘ÆÓ ¨ÆÏ

Æ„ DPM=  DPA+  APN+  NPM
APN=900  ÏÒ ÈÙÆß‚ ÛÈÚ

DPA=   NPM=450  —‰ ˙ÂÈÙ˜È‰ ˙ÂÈÂÂÊ Ú˘ÚÓ Ú·¯ Ï˘ ˙˘˜ ÏÚ ˙Â‚Ô‡ÎÓ ¨Ï

≠˘  DPM=1800Î ¨ÓÂÏ ¨¯DPM —Æ˘ÆÓ Æ¯˘È≠Â˜ ÆÏ

‰∫‰¯ÚÏ ˘È˘ ¨ÔÈÈˆ· Ì‚ÓÓÈ˘‰ ˙Â‰ ¨Ï¢Î˙È‡ ÂÁÎÂ‰˘ ˙ÂÂÎ¯Â‡· ˙ÂÈÂÏ˙ ÔÏˆ È·È¯‰ ˙ÂÚÌÈÚÂ

·ÂÈÂÂÊ·˘ ˙ÈÆÌ‰È

 ¥ ßÒÓ ‰ÓÈ˘Ó—È¯ËÓÂ‡È‚ ÌÂ˜Ó 
ÚÏ ˆÏÚÂ˙ÈÂ ˘Ï Ó˘ÂÏ˘ ABC ÎÏ˘‰Â

ÓÒÓÈÌ ˜ËÚÈÌ∫ DE¨ FG Â≠HIÆ ˜Â„‰ M
Óˆ‡˙ ·˙ÂÍ ‰Ó˘ÂÏ˘Æ

È ̆ÏÓˆÂ‡ ‡˙ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï

‰˜Â„Â˙ M ÎÍ ˘ÒÎÂÌ ˘ËÁÈ

˘ÏÂ˘˙ ‰Ó˘ÂÏ˘ÈÌ ‰Âˆ¯ÈÌ

ÓÁÈ·Â¯ ‰˜Â„‰ M ÚÌ

‰˜ËÚÈÌ ˘ÚÏ ‰ˆÏÚÂ˙¨

È‰È‰ ˜·ÂÚ ©ˆÈÂ ̄ÓÒß ≤±®¨

           

A
D

M

K

C

P N

B

β

O

O’
1

1

γ

           

A

B

C

D

E I

HM

F G

S1

S2

S3



Ó˘‰ ÒËÂÙÏ Â¯ÁÏ ÓÂ‚ÈÏ·Ò˜È

—  ±∏∏— ˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

„‰ÈÈÂ¨

S=S1MDE
+S∆MFG

+S∆MHI
=Constant Æ

ÒÓÔ ˘ËÁÈ Ó˘ÂÏ˘ÈÌ ‡ÏÂ ·≠S
2 
,S

1
 Â≠S

3
Æ

ÔÂ¯˙Ù‰ ¯Â‡È˙

ÊÈÊ ‡˙ ‰˜ËÚÈÌ DE Â≠FG Ï‡Â¯Í ‰ˆÏÚÂ˙ Ú„

Ï˜Â„˜Â„ A ©ˆÈÂ¯ ÓÒß ≥±®Æ ‰˘ËÁÈÌ S
1

 Â≠S
2

 Ï‡

‰˘˙Â ©Ó˘ÂÌ ˘‡Â¯Í ‰·ÒÈÒ Â‰‚Â·‰ ˘Ï ÎÏ

Ó˘ÂÏ˘ Ï‡ ‰˘˙Â®Æ

S =S
AEMG

+S∆MHI
=S∆AEG

+S∆MEG
+S∆MHI

‰˘ËÁ ˘Ï Ó˘ÂÏ ̆AEG ˜·ÂÚ ÂÏ‡ ˙ÏÂÈ

·≠M ©˘˙È ˆÏÚÂ˙ Â‰ÊÂÂÈ˙ ·È‰Ì

˜·ÂÚÂ˙®Æ

ÎÏÂÓ¯¨ ‰·ÚÈ‰ Ó˙Ó˜„˙

·ÓˆÈ‡˙ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È

˘Ï ‰˜Â„‰ M ÎÍ

˘≠S∆MEG
+S∆MHI

=Constant
‡¯ÈÍ ‡˙ ˜ËÚ EG Ú„ Ï˜Â„‰ K ˘·‰ ‰Â‡ ÁÂ˙Í ‡˙ ‰Ó˘Í ‰ˆÏÚ BCÆ ÊÈÊ ‡˙ ‰˜ËÚÈÌ EG Â≠HI
Ï‡Â¯Í ‰È˘¯ÈÌ Ú„ Ï˜Â„‰ K¨ ÎÙÈ ˘Ó˙Â‡¯ ·ˆÈÂ¯ ÓÒß ¥±Æ

©ÏÓ˜¯‰ ˘≠EG||BC ˙ÈÈÁÒ ·Ù¯„®Æ

           

A

B

C

E

I

H
M

G

S1

S2

S3

A

B

C

E M

G

           

M’

M’’

L
N

K
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˙ÈÙÂÏÈÁ ‰ÈÈ· ÏÚ ˙ÂÒÒ·˙Ó‰ ¨‰Ò„‰· ‰ÁÎÂ‰ ˙ÂÓÈ˘Ó

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

ÚÏ≠ÙÈ ÈÓÂ˜ÈÌ ˜Â„ÓÈÌ∫

S∆MEG
=S∆MLK  

,    S∆MHI
=S∆MNK

ÎÏÂÓ¯¨   S=S∆AEG
+S∆LNK

+S∆MLNÓ˜Â¯È 
Æ

̆È ‰˘ËÁÈÌ ‰¯‡˘ÂÈÌ ‡ÈÌ ˙ÏÂÈÈÌ ·≠M ©¯‡‰ ÈÓÂ ̃˜Â„Ì®Æ ÏÎÔ Â˙ ̄ÏÓˆÂ‡ ‡ ̇‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È

˘Ï ‰˜Â„‰ M ÎÍ ˘˘ËÁ ‰Ó˘ÂÏ˘ MLN È‰È‰ ˜·ÂÚÆ

È„ÂÚ ˘‰˜Â„˜Â„ ‰˘ÏÈ˘È ˘Ï ÎÏ ‰Ó˘ÂÏ˘ÈÌ ·ÚÏÈ ·ÒÈÒ Ó˘Â˙Û Â˘ÂÂÈ ˘ËÁ Óˆ‡ ÚÏ È˘¯ ‰Ó˜·ÈÏ

Ï·ÒÈÒÆ

ÚÏ ÎÔ ̈‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Ó·Â˜˘¨ ‰Â‡ ‰˜ËÚ M'M'' ‰ÚÂ·¯ ·˙ÂÍ ‰Ó˘ÂÏ˘ABC  „¯Í ‰˜Â„‰   M
ÂÓ˜·ÈÏ ÏÈ˘¯ LN ©M'M''||LN®Æ

·Ó˜¯‰ ‰ÓÈÂÁ„ ˘≠BC||EG ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Ó·Â˜ ̆‰Â‡ ‰˜ËÚ ‰ÚÂ·¯

„¯Í ‰˜Â„‰ M ÂÓ˜·ÈÏ Ï≠BCÆ

 µ ßÒÓ ‰ÓÈ˘Ó—ÌÈÂÂ˘ ÌÈ˜ÏÁ ‰˘ÂÏ˘Ï ˜ÏÁ‰ ¯˙ÈÓ ˙ÈÈ· 
·ÓÚ‚Ï ˙ÂÔ ‰Ú·È¯Â ̆È ¯„ÈÂÒÈÌÆ È˘ Ï·Â˙ ÓÈ˙¯ ‰ÁÏ˜ ·‡ÓˆÚÂ˙

‰¯„ÈÂÒÈÌ Ï˘ÏÂ˘‰ ÁÏ˜ÈÌ ˘ÂÂÈÌÆ

˙È‡Â¯ ÒÎÓ˙È ˘Ï ‰Ó˘ÈÓ‰ ¯‡‰ ·ˆÈÂ¯ ÓÒß µ±Æ

˙ÈÙÂÏÈÁ ‰ÈÈ· È„È≠ÏÚ ‰ÈÈ·‰ ¯Â‡È˙

·ÓÚ‚Ï ˙ÂÈÌ ̆È ‰¯„ÈÂÒÈÌ OC Â≠ODÆ ·‰ ‡˙

ÁÂˆ‰ ‰ÊÂÂÈ˙ COD ÂÒÓÔ ÚÏÈÂ ˜Â„‰ ÎÏ˘‰È KÆ
·‰ È˘¯ l ‰ÚÂ·¯ „¯Í ‰˜Â„‰ K ÂÓ‡ÂÍ Ï≠OKÆ

ÒÓÔ ·≠A Â·≠B ‡˙ ˜Â„Â˙ ‰ÁÈ˙ÂÍ ˘Ï ‰Ó˘ÎÈ

‰¯„ÈÂÒÈÌ OC Â≠OD ÚÌ ‰È˘¯ lÆ
ÚÏ ‰È˘¯ l ·‰ ˜ËÚÈÌ∫ AM

1 
= BN

1 
= AB

Ó‰˜Â„‰ O ÁÂ‚ ÓÚ‚Ï ·¯„ÈÂÒ ˘Ï ON
1

 ©‡Â OM
1

®

ÎÙÈ ˘ÓÂˆ‚ ·ˆÈÂ¯ ÓÒß ∂±Æ

‰ÓÈ̇¯ M
1
N

1
 ÓÂ¯Î· Ó˘ÏÂ˘‰ ÁÏ˜ÈÌ ˘ÂÂÈÌÆ

ÒÓÔ ·≠M Â≠N ‡˙ ˜Â„Â˙ ‰ÁÈ˙ÂÍ ˘Ï ‰¯„ÈÂÒÈÌ

OM
1

 Â≠ON
1

 ÚÌ ‰ÓÚ‚Ï ‰Ó˜Â¯ÈÆ

‰ÓÈ̇¯ MN Ó˜·ÈÏ ÏÓÈ̇¯ M
1
N

1
 ©ÓÎÈÂÂÔ

˘≠
OM

OM1

=
ON

ON1

®

ÒÓÔ ·≠C
1

 Â≠D
1

 ‡ ̇˜Â„Â ̇‰ÁÈ̇ÂÍ ˘Ï ‰¯„ÈÂÒÈÌ

OC Â≠OD ÚÌ ‰ÓÈ̇¯ MNÆ

           

O

D

l

C
A

K

BN

M

M1

N1

C1

D1

O

D

C

           



Ó˘‰ ÒËÂÙÏ Â¯ÁÏ ÓÂ‚ÈÏ·Ò˜È

—  ±π∞— ˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

Ó„ÓÈÂÔ ˘Ï ˘ÏÂ˘˙ ÊÂ‚Â˙ ‰Ó˘ÂÏ˘ÈÌ∫

∆OMC
1
 ≈ ∆OM

1
A,   ∆OC

1
D

1
 ≈ ∆OAB,   ∆OND

1
 ≈ ∆ON

1
B

Â·Ú ˘≠ND
1 
= D

1
C

1
 = C

1
M ¨  ÓÆ˘ÆÏÆ

 ∂ ßÒÓ ‰ÓÈ˘Ó—¯˙ÂÈ· ‰¯ˆ˜‰ Í¯„· 
ÚÏ ‡Á˙ ÓˆÏÚÂ˙ ÓÏ·Ô ABCD ˙Â‰ ˜Â„‰ ÎÏ˘‰È MÆ È˘

ÏÂÚ Ó‰˜Â„‰ M ‡Ï ‰ˆÏÚ AD ÂÓ˘Ì ‡Ï ‰ˆÏÚ CD ÂÓÓ‰

‡Ï ‰ˆÏÚ BC ÂÓÓ‰ ÏÁÊÂ¯ Ï˜Â„‰ MÆ È˘ ÏÓˆÂ‡ ‡˙ ‰„¯Í

‰˜ˆ¯‰ ·ÈÂ˙¯ ©ˆÈÂ¯ ÓÒß ∑±®Æ

ÏÓˆÈ‡˙ ‰Ù˙¯ÂÔ¨ ˆÈ‚ ˙ÁÈÏ‰ Ó˘ÈÓ‰ ÈÂ˙¯ Ù˘ÂË‰ ‰ÓÂÎ¯˙

Î·ÚÈÈ˙ ¢‰Ù¯‰ ·‡ÁÂ¢ Â˘˙Ó˘ ·ÚÈ˜¯ÂÔ ˘Ï‰ ÏÙ˙¯ÂÔ

‰Ó˘ÈÓ‰ ‰Ó˜Â¯È˙Æ

¢ÂÁ‡· ‰¯Ù‰¢ ˙ÈÈÚ·

Ï˜¯‡˙ Ú¯· ÚÏ ‰Ù¯‰ ÏÁÊÂ¯ Ó‰‡ÁÂ Ï¯Ù˙¨ ·„¯Í ‰˜ˆ¯‰

·ÈÂ˙¯¨ ‡Í ˙ÁÈÏ‰ ÚÏÈ‰ ÏÚ·Â¯ ÏÈ„ ‰ÁÏ ÂÏ˘˙Â˙ ÓÈÌ¨

Î„È ˘‰È‡ Ï‡ ˙‰È‰ ˆÓ‡‰ ·ÏÈÏ‰ ©ˆÈÂ¯ ÓÒß ∏±®Æ

ÏÓˆÈ‡ ̇‰„¯Í ‰˜ˆ¯‰ ·ÈÂ˙ ̄ÒÓÔ ˙ÁÈÏ‰ ‡ ̇‰˜Â„‰ A'
‰ÒÈÓË¯È̇ Ï˜Â„‰ A ·ÈÁÒ ÏÁÏ ©ˆÈÂ¯ ÓÒß π±®Æ

Á·¯ ‡˙ ‰˜Â„‰ A' ÚÌ ‰˜Â„‰ B ÂÒÓÔ ‡˙ ˜Â„˙

‰ÁÈ̇ÂÍ ÚÌ ‰ÁÏ ·≠CÆ È˘ Ï‰ÂÎÈÁ ˘‰„¯Í ACB ‰È‡

‰˜ˆ¯‰ ·ÈÂ˙¯ ̈‡Â ÎÏ „¯Í ‡Á¯ ̇‡¯ÂÎ‰ ÈÂ˙ ̄©ÏÓ˘Ï ‰„¯Í

ADB®Æ

AC = A'C Â≠AD = A'D ·˘Ï ‰ÒÈÓË¯È‰ ˘Ï ‰˜Â„Â˙ A
Â≠A' ·ÈÁÒ ÏÁÏÆ

A'D+DB>A'B = A'C+CB ©ÒÎÂÌ ˘˙È ˆÏÚÂ˙ ·Ó˘ÂÏ˘

‚„ÂÏ Ó‰ˆÏÚ ‰˘ÏÈ˘È˙® ‡Â AD+DB>AC+CB ¨  ÓÆ˘ÆÏÆ

ÚÏ ÒÓÍ ‰ÚÈ˜¯ÂÔ ˘‰Âˆ‚ ÁÊÂ¯ ‡Ï Ó˘ÈÓ‰ ÓÒß ∂Æ

ÈÁ ˘≠MQPNM ‰È‡ ‰„¯Í ‰˜ˆ¯‰ ·ÈÂ˙¯ ©ˆÈÂ¯ ÓÒß ∞≤®Æ

·ÂÈÌ ˜Â„‰ M
1

 ÒÈÓË¯È˙ Ï≠M ·ÈÁÒ ÏÈ˘¯ AD Â˜Â„‰

M
2

 ÒÈÓË¯È˙ Ï≠M ·ÈÁÒ ÏÈ˘¯ BCÆ

·˘Ï ‰˜Â„Â˙ ‰ÒÈÓË¯ÈÂ˙ ©M
1

 Â≠M
2

®¨

MQ+QP+PN+NM = M
1
Q+QP+PN+NM

2

Â‡ÈÏÂ ‰„¯Í¨

MQ
1
+Q

1
P+PN

1
+N

1
M = M

1
P+PM

2

ÈÂ˙¯ ˜ˆ¯‰ ©‰ˆÏÚ ·Ó˘ÂÏ˘ ˜Ë‰ ÓÒÎÂÌ ˘˙È ‰ˆÏÚÂ˙ ‰‡Á¯Â˙®Æ

           

A

D
C

A’

B

           

A

B

            

            

           

B

A

C

D

M
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˙ÈÙÂÏÈÁ ‰ÈÈ· ÏÚ ˙ÂÒÒ·˙Ó‰ ¨‰Ò„‰· ‰ÁÎÂ‰ ˙ÂÓÈ˘Ó

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

ÓÒ˜‰∫

‰„¯Í ‰˜ˆ¯‰ ·ÈÂ˙¯ ÏÎÏ ˜Â„‰ P ÚÏ ‰ˆÏÚ CD
Ó˙˜·Ï˙ Î‡˘¯ ÓÁ·¯ÈÌ ‡˙ M

1
 Â‡˙ M

2
 ÚÌ PÆ

‡Í ‰˘‡Ï‰ ‰È‡ ̈‡ÈÍ ÓÂˆ‡ÈÌ ˜Â„‰ P ÎÍ ˘ÒÎÂÌ

‰˜ËÚÈÌ M
1
P+PM

2
 È‰È‰ ˜ˆ¯ ·ÈÂ˙¯Æ

„¯Í ‡ß∫

ÏÓ˘ÂÏ˘ M
1
PM

2
 È ̆·ÒÈÒ ˜·ÂÚ M

1
M

2
 ©˘‡Â¯ÎÂ

2AB® Â‚Â·‰ ˜·ÂÚ ©ˆÏÚ ‰ÓÏ·Ô¨ ÏÓ˘Ï BC®Æ

‰‰È˜Û ‰˜ËÔ ·ÈÂ˙¯ Ó˙˜·Ï Î‡˘¯ ‰Ó˘ÂÏ˘ ‰Â‡

˘ÂÂ‰ ˘Â˜ÈÈÌ ©È̇Ô Ï‰ÂÎÈÁ Ê‡˙ ÚÏ≠È„È Ó˘ÙË

ÙÈ˙‚Â¯Ò ‡Â ·ÚÊ¯˙ Á˘·ÂÔ „ÈÙ¯ˆÈ‡ÏÈ®Æ

Ï˘Ì ÎÍ È ̆ÏÁˆÂ ̇‡ ̇‰˜ËÚ M
1
M

2
 ÂÏ·Â ̇‡Í

‡ÓˆÚÈ ˘ÁÂ˙Í ‡˙ ‰ˆÏÚ CD ·˜Â„‰ P¨
Â·‡ÓˆÚÂ˙‰ È̇Ô ÏÓˆÂ‡ ‡ ̇‰„¯Í ‰˜ˆ¯‰ ·ÈÂ˙¯Æ

∫ß· Í¯„

Ó·ˆÚÈÌ ·ÈÈ‰ ÁÈÏÂÙÈ̇Æ ·ÂÈÌ ˜Â„‰ M
3

 ÒÈÓË¯È ̇Ï˜Â„‰ M
1

 ·ÈÁÒ ÏÈ˘ ̄CD ̈ÎÓÂˆ‚ ·ˆÈÂ ̄ÓÒß ±≤Æ

·¯Â¯ ˘≠M
1
P+PM

2 
= M

3
P+PM

2
 Â‰ÒÎÂÌ ‰˜ËÔ ·ÈÂ˙¯ È˙˜·Ï ·˜Â„‰ P

1
 ©ÁÈ·Â¯ M

2
 ÚÌ M

3
® ̈„‰ÈÈÂ¨

M
1
P

1
+P

1
M

2
 = M

2
M

3
¨ Â‰„¯Í ‰˜ˆ¯‰ ·ÈÂ˙¯ ‰È‡∫ MQ

1
+Q

1
P

1
+P

1
N

1
+N

1
M
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‰Ó˘ÂÏ˘ÈÌ¨ ∆M
1
P

1
K≅∆ACD

ÚÏ ÒÓÍ ˆÆÊÆˆÆ ©ˆÈÂ¯ ÓÒß ≤≤®Æ

Ó‰ÁÙÈÙ‰ Â·Ú ÎÈ M
1
P1||AC¨ ‡Â Q

1
P

1
||ACÆ

·‡Â˙Â ‡ÂÙÔ¨ ∆P
1
KM

3
≅∆BAD¨ ÂÏÎÔ N

1
P

1
||BDÆ Ó˘ÂÂÈÂÔ ‰ÊÂÂÈÂ˙ ‰ÓÒÂÓÂ˙ ©Ó‰ÒÈÓË¯È‰¨ ÓÁÙÈÙ˙

‰Ó˘ÂÏ˘ÈÌ¨ Ó˜ÂÂÈÌ Ó˜·ÈÏÈÌ® Ó˜·ÏÈÌ ˘‚Ì MQ
1
||BD Â≠MN

1
||AC¨ ÎÏÂÓ¯¨ MQ

1
P

1
N

1
 —

Ó˜·ÈÏÈ˙Æ

‰ÓÒ˜‰ ‰Â·Ú˙ ÓÚÂ·„‰ ÊÂ ‰È‡¨ ˘‰·ÈÈ‰ ‰ÁÈÏÂÙÈ̇ ÏÓˆÈ‡˙ ‰˜Â„Â˙ P
1
 ,Q

1
 Â≠N

1
 ‰È‡ ·ÈÈ̇

˜ÂÂÈÌ Ó˜·ÈÏÈÌ Î„Ï˜ÓÔ∫

±Æ·ÈÈ̇ MQ
1
||BD

≤Æ·ÈÈ̇ MN
1
||AC

≥Æ·ÈÈ̇ N
1
P

1
||BD

¥ÆÁÈ·Â¯ P
1

 ÚÌ Q
1

Æ

 ∑ ßÒÓ ‰ÓÈ˘Ó—˘ÏÂ˘Ó ˙ÂÚÏˆÓ ‰„Â˜ È˜Á¯Ó ÌÂÎÒ 

˙ÂÚÏˆ ‰ÂÂ˘
‰Ó˘ÈÓ‰ ÓÂÙÈÚ‰ Î˙¯‚ÈÏ ·Ó˜Â ̄ÓÒß ∂ ©ÚÓÂ„ ∑∞±®Æ È ̆Ï‰ÂÎÈÁ

˘ÒÎÂÌ Ó¯Á˜È ˜Â„‰ ÎÏ˘‰È ̈‰Óˆ‡ ̇·˙ÂÍ Ó˘ÂÏ ̆˘¢ˆ¨

Ó˘ÏÂ˘˙ ‰ˆÏÚÂ˙ ˘ÂÂ‰ Ï‚Â·‰ ‰Ó˘ÂÏ˘Æ

 ß‡ Í¯„—˘ÏÂ˘Ó ÈÁË˘ ·Â˘ÈÁ È„È≠ÏÚ ‰ÁÎÂ‰ 

ÒÓÔ ·≠h
1

¨ h
2

 Â≠h
3

 ‡˙ Ó¯Á˜È ‰˜Â„‰ Ó‰ˆÏÚÂ˙Æ

a — ‡Â¯Í ˆÏÚ ‰Ó˘ÂÏ˘¨ h ‚Â·‰ ‰Ó˘ÂÏ˘ ©ˆÈÂ¯

ÓÒß ≥≤®Æ
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—  ±π≥—

˙ÈÙÂÏÈÁ ‰ÈÈ· ÏÚ ˙ÂÒÒ·˙Ó‰ ¨‰Ò„‰· ‰ÁÎÂ‰ ˙ÂÓÈ˘Ó

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Ë¢ß‰ Í¯

Á· ̄‡ ̇‰˜Â„‰ ÚÌ ˜Â„˜Â„È ‰Ó˘ÂÏ˘ Â˜·Ï ˘ÏÂ˘‰ Ó˘ÂÏ˘ÈÌ ÙÈÓÈÈÌ ˘‰‚·‰ÈÌ ˘Ï‰Ì h
2 
,h

1
 Â≠

h
3

 Â‰·ÒÈÒ ˘Ï‰Ì aÆ
ÒÎÂÌ ˘ËÁÈ ‰Ó˘ÂÏ˘ÈÌ ‰ÙÈÓÈÈÌ ˘ÂÂ‰ Ï˘ËÁ ‰Ó˘ÂÏ˘ ˘ÂÂ‰ ‰ˆÏÚÂ˙Æ

ah1

2
+

ah2

2
+

ah3

2
=

ah

2
=> h = h1 + h2 + h3

 ß· Í¯„—˙ÈÙÂÏÈÁ ‰ÈÈ· ˙¯ÊÚ· ‰ÁÎÂ‰ 

ÒÓÔ ·≠T ‡˙ ‰˜Â„‰ ˘·˙ÂÍ ‰Ó˘ÂÏ˘Æ È˘ Ï‰ÂÎÈÁ

ÎÈ TD+TE+TF = h
∫‰ÁÎÂ‰

„¯Í ‰˜Â„‰ T Ú·È¯ È˘¯ A'C' ‰Ó˜·ÈÏ Ï·ÒÈÒ ©A'C'||AC®Æ

·˘Ï ‰Ó˜·ÈÏÂ˙ ‚Ì Ó˘ÂÏ˘ A'BC' ‰Â‡ ˘ÂÂ‰ ˆÏÚÂ˙

©ˆÈÂ¯ ÓÒß ¥≤®Æ

·¯Â¯ ˘≠h∆ABC
 = h∆A'BC'

+TD¨ ÎÏÂÓ¯¨ Â˙¯ Ï‰ÂÎÈÁ

˘≠ h∆A'BC '
= TE+TF

Ó‰˜Â„‰ A' Â¯È„ ‡Í ÏˆÏÚ BC ‰ÁÂ˙Í ‡Â˙‰

·˜Â„‰ K ©A'K⊥BC®Æ Ó‡Á¯ ˘Ó˘ÂÏ˘ A'BC'
‰Â‡ ˘¢ˆ¨ ‡ÊÈ A'K=h∆A'BC'

Æ

Ó‰˜Â„‰ T Â¯È„ ‡Í TM ÏÈ˘¯ A'KÆ

Ó˙˜·Ï ÓÏ·ÔTMKF ¨ MK = TF
©ˆÏÚÂ˙ ‚„ÈÂ˙ ·ÓÏ·Ô®Æ

‰Ó˘ÂÏ˘ÈÌ¨ ∆A'TM≅∆TA'E ©ÊÂÂÈÂ˙ ˘Ï ∞∞∂ Â≠∞∞π ÂˆÏÚ Ó˘Â˙Ù˙®Æ

ÓÁÙÈÙ˙ ‰Ó˘ÂÏ˘ÈÌ Â·Ú ˘≠TE = A'M
h∆A'BC '

= A'K = A'M+MK = TE+TF
ÂÏÎÔ¨ h∆ABC 

= TE+TF+TD
ÓÆ˘ÆÏÆ

‰Ú¯‰∫

Ò·È¯ Ï‰ÈÁ ˘‰‰ÂÎÁ‰ ·„¯Û ‡ß ‰¯·‰ ÈÂ˙¯ Ù˘ÂË‰ ©˜Ï‰® Ó„¯Í ·ßÆ ‡ÂÏÌ¨ È˘ Ï˙˙ ‡˙ ‰„Ú˙ ˘·¯Â·

ÒÙ¯È ‰ÏÈÓÂ„ ·‰„Ò‰ ‰Â˘‡ ˘Ï ÁÈ˘Â· ˘ËÁÈÌ ÏÓ„ ·‡Á„ Ó‰Ù¯˜ÈÌ ‰‡Á¯ÂÈÌ¨ Â‡ÈÏÂ ‰˙¯‚ÈÏ

‰¢Ï ÓÂÙÈÚ ·Ù¯˜ÈÌ ‰¯‡˘ÂÈÌ ‰ÚÂÒ˜ÈÌ ·Ó˘ÙËÈ ÁÙÈÙ‰¨ ˜ÂÂÈÌ Ó˜·ÈÏÈÌ Â˙ÎÂÂ˙ Ó¯Â·ÚÈÌÆ

 ∏ ßÒÓ ‰ÓÈ˘Ó—˙È˙Â¯È¯˘ ‰„Â˜Ï ‰ÚÂ·˜ ‰ÂÎ˙ 
ÚÏ ˜ËÚ AC ·ÂÁ¯ÈÌ ˜Â„‰ B ÎÏ˘‰ÈÆ ÚÏ ‡Â˙Â ‰ˆ„ ˘Ï ‰˜ËÚ ·ÂÈÌ ̆È Ó˘ÂÏ˘ÈÌ ˘¢ˆ AEB Â≠

BFCÆ ˙‰‡ M ˜Â„˙ ‰‡ÓˆÚ ˘Ï ‰˜ËÚ AF Â˙‰‡ N ˜Â„˙ ‰‡ÓˆÚ ˘Ï ‰˜ËÚ ECÆ È˘ Ï‰ÂÎÈÁ

˘‰Ó˘ÂÏ˘ BMN ‰Â‡ ˘¢ˆ ©ˆÈÂ¯ ÓÒß µ≤®Æ
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·Â·ÈÒ È„È≠ÏÚ ‰ÁÎÂ‰

·‰˙ÈÈÁÒ ÏˆÈÂ¯ ÓÒß µ≤¨ ·ˆÚ ÒÈ·Â· ˘Ï Ó˘ÂÏ˘ ABF
·ÊÂÂÈ ̇· ̇∞∞∂ Ò·È· ˜Â„‰ BÆ Î˙Âˆ‡‰ Ó‰ÒÈ·Â· ÚÂ·¯˙

‰˜Â„‰ A Ï˜Â„‰ E Â˜Â„‰ F ÚÂ·¯ ̇Ï˜Â„‰ C ̈ÂÏÎÔ

Ó˘ÂÏ ̆ABF ÚÂ· ̄ÏÓ˘ÂÏ ̆EBCÆ ÎÏÂÓ¯ ̈‰˜ËÚ AF
ÚÂ·¯ Ï˜ËÚ EC Â˜Â„˙ ‰‡ÓˆÚ M ˘Ï ‰˜ËÚ AF
ÚÂ·¯˙ Ï˜Â„‰ N — ˜Â„ ̇‰‡ÓˆÚ ˘Ï ‰˜ËÚ ECÆ

ÓÎ‡Ô Â·Ú ˘≠BM = BN Â≠∞∞∂ MBN = ¨

ÎÏÂÓ¯¨ ∆MBN — Ó˘ÂÏ˘ ˘ÂÂ‰ ˆÏÚÂ˙¨ ÓÆ˘ÆÏÆ

ÌÂÎÈÒ
·Ó‡Ó¯ ‰Âˆ‚ Ï˜Ë Ó‚ÂÂÔ ˘Ï ∏ Ó˘ÈÓÂ˙ ‰„ÒÈÂ˙ ˘Ù˙¯ÂÔ Ó˙˜·Ï ÚÏ≠È„È ·ÈÈ‰ ÁÈÏÂÙÈ̇Æ ‰˘ÈÓÂ˘

··ÈÈ‰ ÁÈÏÂÙÈ̇ ‰Â‡ ÓÙ˙Á ÚÈ˜¯È Ï‰˙ÓÂ„„Â ̇ÚÌ Ó˘ÈÓÂ ̇Ï‡≠˜Â·ˆÈÂÏÈÂ˙Æ ‰‰˙ÒÂ˙ ·ÒÂ‚ ÎÊ‰
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