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È¯ËÓÂ‡È‚‰ ÌÂ˜Ó‰ Ï˘ Â˙Â·È˘Á ˙ÓˆÚ‰

‰Ò„‰· ˙ÂÓÈ˘ÓÂ ˙ÂÈÚ· ÔÂ¯˙ÙÏ

Ó˘‰ ÒËÂÙÏ Â¯ÁÏ ÓÂ‚ÈÏ·Ò˜È

ÏÚ˙ÈÌ ˜¯Â·Â ̇‰˙ÓÂ„„Â ̇ÚÌ Ó˘ÈÓÂ ̇Â·ÚÈÂ ̇·‰„Ò‰ ÓÁÈÈ· ̇˘ÈÓÂ ̆·˙ÎÂÂ˙ÈÂ ˘Ï ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯ÈÆ
È˜Á Ï„Â‚Ó‰ ‡ ̇‰Ó˜¯‰ ‰Ù˘ÂË ̈˘·Â ˜·Âˆ ̇Ú¯ÈÌ ÚÓ„‰ ÏÁ„ ̆‡ ̇‰˜ÂÂÈÌ ·Ó‚̄ ̆Î„Â¯≠ÒÏ Â‰˙˜˘˙‰
Ï‰˘ÏÈÌ ‡˙ ÒÈÓÂÔ ˜˘˙ ‰ÚÈ‚ÂÏ ˘·Ó¯ÎÊ ‰Ó‚¯˘¨ Ó‡Á¯ ˘Ï‡ ‰ˆÏÈÁ‰ ÏÓˆÂ‡ ‡˙ ÓÈ˜ÂÌ Ó¯ÎÊÂÆ ·ÈÈ˙
‡ÎÈÌ ‡ÓˆÚÈÈÌ Ï˘È ÓÈ˙¯ÈÌ ÎÏ˘‰Ì ‰ÈÈ˙‰ Ó·È‡‰ ÏÓˆÈ‡˙ ÓÈ˜ÂÌ Ó¯ÎÊ ‰ÓÚ‚ÏÆ
‰˘ÈÓÂ˘ ·˙ÎÂÂ˙ÈÂ ˘Ï ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È — ·‡ ÏÈ„È ·ÈËÂÈ ··ÚÈÂ˙ ‰ÂÎÁ‰ Â··ÚÈÂ˙ ·ÈÈ‰Æ
Ó˙ÁÂÌ ‰‰Â¯‡‰ Â‰ÏÈÓÂ„ Ó˙·¯¯ ̈˘Ó‰Â˙Â ÂÁ˘È·Â˙Â ˘Ï ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‡ÈÔ ÊÂÎÂ ̇Ï‰„‚˘‰ ÂÏ‰ËÓÚ‰
·Ó‰ÏÍ ÏÈÓÂ„È ‰„Ò˙ ‰ÓÈ˘Â¯Æ
·ÒÙ¯È ‰ÏÈÓÂ„ ‡ÈÔ Ù¯ ̃ÓÈÂÁ„ ̈‰ÓÂ˜„ ̆ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È ̈Â‰Â˘‡ ÓÂ·ÏÚ ·Ù¯˜ÈÌ ‰˘ÂËÙÈÌ ̈‰ÓÂ˙‡ÓÈÌ
Ï˙ÎÈ˙ ‰ÏÈÓÂ„ÈÌ±≠¥Æ Ù¯˜ÈÌ ÈÁÂ„ÈÈÌ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È È˙Ô ÏÓˆÂ‡ ·ÒÙ¯È ‰„Ò‰ ‡ÏÈËÈ˙µ≠∂¨ ˘˘Ì
ÓˆÈ‡˙ ‡ÂÙÈÂ ÂÓ˘ÂÂ‡˙Â ˘Ï ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È Ú˘È˙ ·‰˙‡Ì Ï‚È˘‰ ˘Ï ˙ÁÂÌ ÏÈÓÂ„ Ê‰Æ Ó·Ë ÓÓÂ˜„
·Ó˜ÂÓÂ˙ ‚È‡ÂÓË¯ÈÈÌ È˙Ô ÏÓˆÂ‡ ·Ó˜Â¯Â˙∑≠∏Æ
‰Ó‡Ó¯ ‰ÂÎÁÈ ÙÂ˙Á ·‰‚„¯˙ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È Â˙ÎÂÂ˙ÈÂ Â·˙ÊÎÂ¯˙ ÏÓ˜ÂÓÂ˙ ‚È‡ÂÓË¯ÈÈÌ ÈÒÂ„ÈÈÌ¨
ÂÏ‡Á¯È‰Ì ÓÂ·‡ Ï˜Ë Ó‚ÂÂÔ ˘Ï ·ÚÈÂ˙¨  ˘ÏÓ¯·È˙Ô È˙Ô Ù˙¯ÂÔ ÓÏ‡ ‰Ô ·‚È˘‰
˘Ï ‰„Ò˙ ‰ÓÈ˘Â¯ Â‰Ô ·‚È˘‰ ˘Ï ‰‰„Ò‰ ‰‡ÏÈËÈ˙Æ ÎÓÂ≠ÎÔ ‰Â·‡Â Ó˘ÈÓÂ˙ ÏÚ·Â„‰ ÚˆÓÈ˙ ©ÏÏ‡
‰·‡˙ Ù˙¯ÂÔ®Æ
È˙Ô Ï‰ˆÈ‚ ‡˙ Ï˜Ë ‰·ÚÈÂ˙ ˘Ï ‰Ó‡Ó¯ — ·ÓÒ‚̄˙ ÏÈÓÂ„ ˘Ï Ù¯ÁÈ ‰Â¯‡‰ ·Ó˙ÓËÈ˜‰¨ ·˜Â¯ÒÈÌ ˘Ï
˘ÈÏÂ· ˙ÁÂÓÈ Ó˙ÓËÈ˜‰¨ ˘Ï ¯ÎÈ˘˙ È„Ú Â‰Ú˘¯˙Â ‡Â Î·ÒÈÒ ÏÚ·Â„‰ ÒÓÈ¯ÈÂÈ˙Æ



Ó˘‰ ÒËÂÙÏ
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‰¯„‚‰ Æ±

 ÓÂ‚„¯ ÎˆÂ¯‰ ‰„ÒÈ ̇˘ÏÎÏ ˜Â„Â˙È‰ ̈Â¯˜ Ï‰Ô ̈˙ÎÂ‰ Ó˘Â˙Ù˙¨ ‡Â ·˘Ù‰ ˘Ï 
∫ Ó˜ÂÌ ‚È‡ÂÓË¯È ‰Â‡ ‡ÂÒÛ ˘Ï ÎÏ ‰˜Â„Â˙¨ ˘‰Ô¨ Â¯˜ ‰Ô¨ Ó˜ÈÈÓÂ˙ ˙‡È ÓÒÂÈÌÆ

Ó˜ÂÌ ‚È‡ÂÓË¯È ‰Â‡ ‡Á„ Ó‰ÓÂ˘‚ÈÌ ‰Á˘Â·ÈÌ ·ÈÂ˙¯ ·ÏÈÓÂ„ ‰‰„Ò‰Æ Ó˘˙Ó˘ÈÌ ·Â ‚Ì ·ÓÒ‚̄Â˙
‰„Ò‰ ‡ÏÈËÈ˙¨ ÓÎÈ˜‰ Â˙ÁÂÓÈ Ó„Ú ÂÒÙÈÌÆ
·˙ÁÂÌ  ‡Ù˘¯ Ï˙‡¯ Ó˜ÂÌ ‚È‡ÂÓË¯È — ÎÓ˘ÂÂ‡‰¨ ‰Ó˜˘¯˙ ·ÈÔ ˘ÈÚÂ¯È ‰≠x Â‰≠y
˘Ï ‰˜Â„Â˙¨ ‰˘ÈÈÎÂ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È ©ÂÎÍ ‚Ì ·‰„Ò‰ ‡ÏÈËÈ˙ ·Ó¯Á·®Æ
·ÚˆÌ¨ ÎÏ Ó˘ÂÂ‡‰ ÚÌ ˘È ÚÏÓÈÌ Ó‚„È¯‰ ˆÂ¯‰ ‚È‡ÂÓË¯È˙ ©‚̄Û®¨ ˘˜Â„Â˙È‰ ̈Â¯ ̃‰Ô ̈Ó˜ÈÈÓÂ˙ ‡˙
‰Ó˘ÂÂ‡‰Æ Î¢Ï — Ï‚·È ÎÏ ÙÂ˜ˆÈ‰Æ
‡Ù˘¯ Ï‰‚„È¯ Ó˜ÂÓÂ˙ ‚È‡ÂÓË¯ÈÈÌ ·ÓÈ˘Â¯ ‡Â ·Ó¯Á·¨ ‡Í Ó‡Ó¯ Ê‰ È˙Ó˜„ ·Ó˜ÂÓÂ˙ ‚È‡ÂÓË¯ÈÈÌ
·ÓÈ˘Â¯ ·Ï·„Æ
Ï‰ÏÔ ≥ ÒÂ‚ÈÌ ˘Ï ·ÚÈÂ˙ ‰˜˘Â¯Â˙ ·Ó˜ÂÓÂ˙ ‚È‡ÂÓË¯ÈÈÌ ©Ó¢‚®∫
‡Æ‰ÂÎÁ‰¨ ÎÈ ˆÂ¯‰ ÓÒÂÈÓ ̇‰È‡ Ó˜ÂÌ ‚È‡ÂÓË¯È ÓÂ‚„¯ ©ÎÏÂÓ¯ ˙Â‰ ‰˙˘Â·‰¨ ÂÈ˘ Ï‰ÂÎÈÁ ˘‰È‡

Ó˜ÂÌ ‚È‡ÂÓË¯È®Æ
Ï„Â‚Ó‰∫ ˆ¯ÈÍ Ï‰ÂÎÈÁ¨ ÎÈ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ‡ÓˆÚÈ ‰ÓÈ˙¯ÈÌ¨ ‰ÈÂˆ‡ÈÌ Ó˜Â„‰ ‡Á˙ ÚÏ
‰ÓÚ‚Ï¨ ‰Â‡ ‚Ì ÓÚ‚ÏÆ

·ÆÓˆÈ‡˙ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ÏÙÈ ˙‡ÈÌ ˙ÂÈÌÆ
Ï„Â‚Ó‰∫ ˜ËÚ ˙ÂÔ ÊÊ ·ÓÈ˘Â¯¨ ·‡ÂÙÔ ˘˜ˆÂ˙ÈÂ ÚÈÌ ÚÏ ˘Â˜È‰ ˘Ï ÊÂÂÈ˙ È˘¯‰Æ Ó‰ ‰Ó˜ÂÌ
‰‚È‡ÂÓË¯È¨ ˘ÈÂˆ¯ ‡ÓˆÚ ‰˜ËÚø

‚Æ˘ÈÓÂ˘ ·˙ÎÂÂ˙È‰Ì ˘Ï Ó˜ÂÓÂ˙ ‚È‡ÂÓË¯ÈÈÌ È„ÂÚÈÌ ÏÙ˙¯ÂÔ ·ÚÈÂ˙ ÁÈ˘Â·¨ ‰ÂÎÁ‰ Â·ÈÈ‰Æ

Æ≤È¯ËÓÂ‡È‚‰ ÌÂ˜Ó‰ ˙¯„‚‰Ó ÌÈÚ·Â‰ ÌÈËÙ˘Ó®ß‡ ‚ÂÒÓ ˙ÂÈÚ·Ï ÌÈ¯Â˘˜‰©
Ó‰‚„¯˙Â ˘Ï ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È — Â·ÚÈÌ ‡¯·Ú˙ ‰Ó˘ÙËÈÌ ‰·‡ÈÌ∫
‡ÆÎÏ ˜Â„‰¨ ‰˘ÈÈÎ˙ ÏÓ˜ÂÌ ‚È‡ÂÓË¯È¨ Ó˜ÈÈÓ˙ ‡˙ ‰˙‡ÈÆ
·ÆÎÏ ˜Â„‰¨ ‰Ó˜ÈÈÓ˙ ‡˙ ‰˙‡È¨ ˘ÈÈÎ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯ÈÆ
‚ÆÎÏ ˜Â„‰¨ ˘‡È‰ ˘ÈÈÎ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È — ‡È‰ Ó˜ÈÈÓ˙ ‡˙ ‰˙‡ÈÆ
„ÆÎÏ ˜Â„‰¨ ˘‡È‰ Ó˜ÈÈÓ˙ ‡˙ ‰˙‡È — ‡È‰ ˘ÈÈÎ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯ÈÆ
Î„È Ï‰ÂÎÈÁ¨ ˘‡ÎÔ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡ ‰Ó·Â˜˘ — ˆ¯ÈÍ Ï‰ÂÎÈÁ ‡˙ ‰Ó˘ÙËÈÌ ‡ß Â≠·ß ‡Â ‡˙
‰Ó˘ÙËÈÌ ‡ß Â≠‚ßÆ ÚÌ ‰ÂÎÁ˙ Ó˘ÙËÈÌ ‡ß Â≠·ß — ‡Ù˘¯ Ï‰Ò˙ÓÍ ÚÏÈ‰Ì ÂÏ‰ÂÎÈÁ ·„¯Í Ú˜ÈÙ‰ ‡˙
‰Ó˘ÙËÈÌ ‚ß Â≠„ßÆ
ÂÎÈÁ ‡˙ ‰·ÚÈ‰ ‰ÓÂÙÈÚ‰ ·„Â‚Ó‰ ‡ß ©ˆÈÂ¯ ÓÒß ±®Æ
˙ÂÔ ÓÚ‚Ï¨ ˘Ó¯ÎÊÂ O ÂÚÏÈÂ ˜Â„‰ AÆ
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‡ÆB ˙‰‡ ˜Â„‰ ÚÏ ‰ÓÚ‚Ï ˘˜ÂË¯Â OAÆ  ÂÎÈÁ¨
˘‰˜Â„‰ B ‰È‡ ˜Â„ ̇‰‡ÓˆÚ ˘Ï ÓÈ˙¯ ̈‰ÈÂˆ‡
Ó‰˜Â„‰ A ·ÓÚ‚Ï ‰˙ÂÔ ©˘Ó¯ÎÊÂ O®Æ
Ú·È¯ ‡˙ AC¨ ‰ÚÂ·¯ „¯Í ‰˜Â„‰ BÆ

OB⊥AC ©ÊÂÂÈ˙ ABOO ‰È‡ ÊÂÂÈ˙ ‰È˜ÙÈ˙
‰˘Ú˙ ÚÏ ˜ÂË¯®Æ Ó˘ÂÏ˘ AOC ‰Â‡ ˘ÂÂ‰
˘Â˜ÈÈÌÆ ÏÎÔ ‚Â·‰ ‰·ÒÈÒ ©AC® ÁÂˆ‰ ‡Â˙Â¨
ÎÏÂÓ ̄‰˜Â„‰ B ‰È‡ ‡ÓˆÚ ‰ÓÈ˙ ̄ACÆ ÓÆ˘ÆÏÆ

·ÆAD È‰È‰ ÓÈ˙¯ ÎÏ˘‰Â ·ÓÚ‚Ï ‰˙ÂÔ¨ Â≠M
˜Â„‰ ˘ÁÂˆ‰ ‡Â˙ÂÆ ‡Ì Á· ̄‡ ̇‰˜Â„‰ M ÚÌ
Ó¯ÎÊ ‰ÓÚ‚Ï O¨ ˜·Ï ÊÂÂÈ˙ AMO — ÊÂÂÈ˙
È˘¯‰ — ÏÙÈ ‰Ó˘ÙË∫ ˜ËÚ¨ ‰ÓÁ·¯ ‡ÓˆÚ ÓÈ˙¯
ÚÌ Ó¯ÎÊ ‰ÓÚ‚Ï ̈Ó‡ÂÍ ÏÓÈ˙¯Æ ÏÎÔ ÊÂÂÈ ̇AMO
‰È‡ ÊÂÂÈ ̇‰È˜ÙÈ˙ ̈‰˘Ú ̇ÚÏ ‰˜ÂË ̄AO ̈Ê‡ ̇‡ÂÓ¯˙ ̈˜Â„‰ M Óˆ‡ ̇ÚÏ ‰ÓÚ‚Ï ‰Ó·Â˜˘Æ
ÓÆ˘ÆÏÆ

‚ÚÓ‰ ¨¯ÓÂÏÎ ‡Â‰ Â¯ËÂ˜˘ ¨ÏAO‚‰ ÌÂ˜Ó‰ ‡Â‰ ¨‚ÚÓ· ÌÈ¯˙ÈÓ‰ ÈÚˆÓ‡ Ï˘ È¯ËÓÂ‡ÈÆÔÂ˙‰ Ï

ÌÈÈ¯ËÓÂ‡È‚ ˙ÂÓÂ˜Ó ˘ÂÙÈÁ Æ≥

Î„È ÏÓˆÂ‡ Ó¢‚ ˘Ï ˜Â„Â˙ ·ÚÏÂ˙ ˙ÎÂ‰ ÓÒÂÈÓ˙ — ÚÂ·¯ÈÌ ·„¯Í ÎÏÏ ‡˙ ‡Â˙Ì ‰˘Ï·ÈÌ ˘·Ù˙¯ÂÔ
·ÚÈÂ˙ ·ÈÈ‰Æ
—È˙ÂÁ — ·ÂÈÌ ˜Â„‰ ‡Á ̇Ó‰Ó¢‚ Â˜Â·ÚÈÌ ˜˘¯ÈÌ

ÚÌ ˜Â„Â˙ ‡Á¯Â˙ ˘Ï ‰Ó¢‚Æ ‰È˙ÂÁ ÓÒ˙ÈÈÌ
·‰Á‰ ˘„Â¯˘˙ ‰ÂÎÁ‰Æ

—‰ÂÎÁ‰ — ÎÓÂ ··ÚÈÂ˙ ÓÒÂ‚ ‡ßÆ
—‡ÏÈÊ‰ — È˙ÂÁ Ó˜¯ÈÌ ˘ÂÈÌ ̈‰˙ÏÂÈÈÌ ·˙ÂÈÌ

Â‰Ó·È‡ÈÌ ÏÓÒÙ ̄˘Â‰ ˘Ï Ù˙¯ÂÂ ̇©ÏÏ‡ Ù˙¯ÂÔ¨
Ù˙¯ÂÔ ‡Á„ ‡Â ÈÂ˙¯®Æ

‡ ̇˘Ï· ‰È˙ÂÁ È˙Ô Ï·ˆÚ ÚÏ≠È„È ‰„Ò ̇ÓÈ˘Â ̄˜Ï‡ÒÈ˙
‡Â ÚÏ≠È„È ‰„Ò‰ ‡ÏÈËÈ˙¨ Î˘‰·ÁÈ¯‰ ‰È‡ ·„¯Í ‰ÂÁ‰
‡Â ‰˜Ï‰ ÈÂ˙¯Æ
·È‡ ‡ ̇Ù˙¯ÂÔ ‰·ÚÈ‰ ‰ÓÂÙÈÚ‰ ·„Â‚Ó‰ ·ß ©ˆÈÂ ̄ÓÒß ≤®Æ

AB È‰È‰ ‡Á„ ‰Óˆ·ÈÌ ˘Ï ˜ËÚ ˙ÂÔ ̈Â≠M ˜Â„ ̇‰‡ÓˆÚ ˘ÏÂÆ

O

B

A

C

D

M

±†ßÒÓ†¯ÂÈˆ

A

B

M

C

≤†ßÒÓ†¯ÂÈˆ
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Á·¯ ‡˙ ‰˜Â„‰ M ÚÌ ˜Â„˜Â„ ‰ÊÂÂÈ˙ ‰È˘¯‰ ©‰˜Â„‰ C®Æ MC ‰Â‡ ˙ÈÎÂÔ ·Ó˘ÂÏ˘ È˘¯  ÊÂÂÈ˙
ABC¨ ÂÏÎÔ ‰Â‡ ˘ÂÂ‰ ÏÓÁˆÈ˙ ‰È˙¯¨ Ê‡˙ ‡ÂÓ¯˙ MC ‰Â‡ ‚Â„Ï ˜·ÂÚ ·Ú˙ ˙ÂÚ˙ ‰˜ËÚ ‰˙ÂÔÆ

ÎÏÂÓ¯ ‰˜Â„‰ M Ú‰ ÚÏ ‰ÓÚ‚Ï¨ ˘Ó¯ÎÊÂ C Â¯„ÈÂÒÂ  AB

2
Æ Ï·ÚÈ‰ È˘ ˙ÓÈ„ Ù˙¯ÂÔ ÈÁÈ„Æ

˙ÂÈÚ· ÔÂ¯˙ÈÙ· ÌÈÈ¯ËÓÂ‡È‚‰ ˙ÂÓÂ˜Ó‰ ˙ÂÂÎ˙ ÌÂ˘ÈÈ Æ¥®ß‚ ‚ÂÒÓ ˙ÂÈÚ·Ï ÌÈ¯Â˘˜© 

·„¯Í ÎÏÏ ··ÚÈÂ˙¨ ‰˘ÈÈÎÂ˙ ÏÒÂ‚ Ê‰¨ ÓÁÙ˘ÈÌ ˜Â„‰ ‡Â ˆÂ¯‰ ©˜·Âˆ˙ ˜Â„Â˙® ÏÙÈ ÎÓ‰ ˙‡ÈÌ
˙ÂÈÌÆ ÏÙ˙¯ÂÔ ‰Ó˘ÈÓ‰ Ó˙ÚÏÓÈÌ Ó‡Á„ ‰˙‡ÈÌ¨ Â‡Ê Ó˜·ÏÈÌ ‡ÈÒÂÛ Ù˙¯ÂÂ˙¨ ‰Ó‰ÂÂÈÌ Ó˜ÂÌ
‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙¨ ‰Ó˜ÈÈÓÂ˙ ‡˙ ‰˙‡ÈÌ ‰‡Á¯ÈÌÆ ·˘Ï· ‰·‡ Ó˙ÚÏÓÈÌ Ó˙‡È ‡Á¯¨ Â‚Ì ‰ÙÚÌ
Ó˜·ÏÈÌ Ó˜ÂÌ ‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙ ‰Ó˜ÈÈÓÂ˙ ‡˙ ‰˙‡ÈÌ¨ Ù¯Ë Ï˙‡È ˘ÓÓÂ ‰˙ÚÏÓÂÆ Ù˙¯ÂÔ
‰Ó˘ÈÓ‰ ‰Â‡ ‰ÁÈ˙ÂÍ ˘Ï ‰Ó˜ÂÓÂ˙ ‰‚È‡ÂÓË¯ÈÈÌ ‰¢ÏÆ
·È‡ Ï„Â‚Ó‰ Ó˘ÈÓ‰ ÓÒÂ‚ ‚ßÆ
ˆ¯ÈÍ ÏÓˆÂ‡ ‡˙ Ó¯ÎÊ ‰ÓÚ‚Ï¨ ‰ÁÂÒÌ ‡˙ ‰Ó˘ÂÏ˘ ABCÆ ·¯Â¯¨ ÎÈ ‰·ÚÈ‰ ‰È‡ ÏÓˆÂ‡ ˜Â„‰¨
‰Óˆ‡˙ ·Ó¯Á˜ÈÌ ˘ÂÂÈÌ Ó˘ÏÂ˘˙ ˜Â„˜Â„È ‰Ó˘ÂÏ˘Æ ·˘Ï· ‰¯‡˘ÂÔ  Ó˙ÚÏÓÈÌ Ó˙‡È ‰Ó¯Á˜ ‰˘ÂÂ‰
‚Ì Ï˜Â„˜Â„ CÆ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙¨ ‰Óˆ‡Â˙ ·Ó¯Á˜ÈÌ ˘ÂÂÈÌ Ó‰˜Â„˜Â„ÈÌ A Â≠B¨ ‰Â‡
‡Í ‡ÓˆÚÈ Ï˜ËÚ AB¨ ÎÏÂÓ¯ Ó¯ÎÊ ‰ÓÚ‚Ï ‰Ó·Â˜˘ Óˆ‡ ÚÏ ‰‡Í ‰‡ÓˆÚÈÆ ·˘Ï· ‰˘È Ó˙ÚÏÓÈÌ
Ó˙‡È ‰Ó¯Á˜ ‰˘ÂÂ‰ Ï˜Â„˜Â„AÆ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ‰˜Â„Â˙¨ ‰Óˆ‡Â˙ ·Ó¯Á˜ÈÌ ˘ÂÂÈÌ Ó≠B
ÂÓ≠C¨ ‰Â‡ ‰‡Í ‰‡ÓˆÚÈ Ï˜ËÚ BCÆ Ó¯ÎÊ ‰ÓÚ‚Ï ‰Â‡ ·˜Â„˙ ‰ÁÈ˙ÂÍ ˘Ï ˘È ‰‡ÎÈÌ ‰‡ÓˆÚÈÈÌÆ
ÓÆ˘ÆÏÆ
Î„È ÏÙ˙Â¯ ·ÚÈÂ˙ ÓÒÂ‚ Ê‰ — Á˘Â· Ï‰ÎÈ¯ ÒÂ‚ÈÌ ˘ÂÈÌ ˘Ï Ó˜ÂÓÂ˙ ‚È‡ÂÓË¯ÈÈÌÆ
ÏÚ˙ÈÌ ˜¯Â·Â˙ ËÂÚÈÌ ˙ÏÓÈ„ÈÌ ·ÈÔ Ó¯ÎÊ ‰ÓÚ‚Ï ‰ÁÂÒÌ Ï·ÈÔ Ó¯ÎÊ ‰ÓÚ‚Ï ‰ÁÒÂÌ ˘Ï Ó˘ÂÏ˘¨ Â‰„·¯
Ó‰ÂÂ‰ Ú„Â˙ ÏÎÍ ˘ÓÂ˘‚ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È Ï‡ ‰ÂËÓÚ „È ˆÂ¯ÎÂÆ

¯Â˘ÈÓ· ÌÈÈ¯ËÓÂ‡È‚ ˙ÂÓÂ˜Ó Æµ

ˆÈ‚ ¯˘ÈÓ‰ ˘Ï Ó˜ÂÓÂ˙ ‚È‡ÂÓË¯ÈÈÌ ·ÒÈÒÈÈÌ∫
‡Æ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙¨ ‰Óˆ‡Â˙ ·Ó¯Á˜ ˜·ÂÚ d ÓÈ˘¯ ˙ÂÔ l¨ ‰Â‡ ÊÂ‚ È˘¯ÈÌ k Â≠m

k

l

m

d

d

≥†ßÒÓ†¯ÂÈˆ

k

m

¥†ßÒÓ†¯ÂÈˆ

l
d

d } d
/2

/2



—  ≤±±— ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

‰Ó˜·ÈÏÈÌ Ï≠l Â·Ó¯Á˜ d ÓÓÂ ©ˆÈÂ¯ ÓÒß ≥®Æ
·Æ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙ ·ÓÈ˘Â¯¨ ‰Óˆ‡Â˙ ·Ó¯Á˜ ˘ÂÂ‰ Ó˘È È˘¯ÈÌ Ó˜·ÈÏÈÌ k Â≠m¨

‰Â‡ ‰È˘¯ l¨ ‰Ó˜·ÈÏ Ï˘È‰Ì ·ÁˆÈ ‰Ó¯Á˜
˘·ÈÈ‰Ì ©ˆÈÂ¯ ÓÒß ¥®Æ

‚Æ˜Â Ó˜·ÈÏ Ï˜ËÚ ˙ÂÔ¨ ‰Ó‰ÂÂ‰ ·ÒÈÒ AB
˘Ï Ó˘ÂÏ˘¨ ‰Â‡ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï
‰˜Â„˜Â„ ‰˘ÏÈ˘È ˘Ï ÎÏ ‰Ó˘ÂÏ˘ÈÌ ·ÚÏÈ
‡Â˙Â ˘ËÁ ©ˆÈÂ¯ ÓÒß µ®Æ

„Æ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙ ·ÓÈ˘Â¯¨ ‰Óˆ‡Â˙ ·Ó¯Á˜ÈÌ
˘ÂÂÈÌ Ó˜ˆÂ˙ ˜ËÚ AB¨ ‰Â‡ ‰‡Í ‰‡ÓˆÚÈ Ï˜ËÚ
©ˆÈÂ¯ ÓÒß ∂®Æ

‰Æ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙¨ ‰Óˆ‡Â˙
·Ó¯Á ̃˘ÂÂ‰ Ó˘Â˜È ÊÂÂÈ˙¨ ‰Â‡ ÁÂˆ‰ ‰ÊÂÂÈ˙
©ˆÈÂ¯ ÓÒß ∑®Æ

ÂÆ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙ ·ÓÈ˘Â¯¨
‰Óˆ‡Â ̇·Ó¯Á ̃˘ÂÂ‰ Ó˘È È˘¯ÈÌ Á˙ÎÈÌ∫
k Â≠l¨ ‰Ì ˘È È˘¯ÈÌ m Â≠n¨ ‰ÁÂˆÈÌ ‡˙
‰ÊÂÂÈ˙ ·ÈÔ k Â≠l ©ˆÈÂ¯ ÓÒß ∏®Æ
‰Ú¯‰∫‰È˘¯ÈÌ m Â≠n Èˆ·ÈÌ Ê‰ ÏÊ‰Æ

∏†ßÒÓ†¯ÂÈˆ

n

l

m

k

∑†ßÒÓ†¯ÂÈˆ

∂†ßÒÓ†¯ÂÈˆ

A B

µ†ßÒÓ†¯ÂÈˆ

C1 C2 C3

A B



Ó˘‰ ÒËÂÙÏ

—  ≤±≤—  ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

ÊÆ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙ ·ÓÈ˘Â¯¨ ‰Óˆ‡Â˙ ·Ó¯Á˜ ˜·ÂÚ d
Ó˜Â„‰ O ̈‰Â‡ ÓÚ‚Ï ̈˘Ó¯ÎÊÂ ·˜Â„‰ O Â¯„ÈÂÒÂ ©ÓÁÂ‚Â® d ©ˆÈÂ¯
ÓÒß π®Æ

ÁÆ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙¨
‰Óˆ‡Â ̇·Ó¯Á ̃d ÓÓÚ‚Ï ˙ÂÔ
·ÚÏ ¯„ÈÂÒ a ‰Â‡ ˘È ÓÚ‚ÏÈÌ¨
‡Ì d < a ©ˆÈÂ¯ ÓÒß ∞± ‡ß®¨
ÂÓÚ‚Ï ‡Á„ ̈Î‡˘¯ d > a ©ˆÈÂ¯
ÓÒß ∞± ·ß®Æ Ó¯ÎÊÈ ‰ÓÚ‚ÏÈÌ
Ó˙ÏÎ„ÈÌ ÚÌ Ó¯ÎÊ ‰ÓÚ‚Ï ‰˙ÂÔÆ

ËÆ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙ ̈˘Ó‰Ô ¯Â‡ÈÌ
˜ËÚ ˙ÂÔ ·ÊÂÂÈ˙ ¯‡ÈÈ‰ ˙Â‰¨ ‰Ô ˘˙È
˜˘˙Â ̇ÓÚ‚Ï ˘ÂÂ˙ ̈‰˜¯‡Â ̇˜˘˙Â ̇¯‡ÈÈ‰
˘Ï ‰ÊÂÂÈ˙ ‰˙Â‰Æ ‰˜ËÚ ‰˙ÂÔ ‰Â‡ ÓÈ˙¯
Ó˘Â˙Û ˘Ï‰Ô¨ ÂÊÂÂÈ˙ ‰¯‡ÈÈ‰ ‰È‡ ÊÂÂÈ˙
‰È˜ÙÈ˙ ̈‰˘Ú ̇ÚÏ ‰ÓÈ˙ ̄‰¢Ï ©ˆÈÂ ̄ÓÒß
±±®Æ

ÈÆ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙ ·ÓÈ˘Â¯¨
‰Óˆ‡Â˙ ·Ó¯Á˜ ˘ÂÂ‰ Ó˜Â„‰ ˜·ÂÚ‰ F
©‰˜¯‡˙ ÓÂ˜„® ÂÓÈ˘¯ ˜·ÂÚ l ©‰˜¯‡
Ó„¯ÈÍ®¨ ‰Â‡ Ù¯·ÂÏ‰ ©ˆÈÂ¯ ÓÒß ≤±®Æ

d d

O

π†ßÒÓ†¯ÂÈˆ

ß‡†±∞†ßÒÓ†¯ÂÈˆ

d < a

a

d

ß·†±∞†ßÒÓ†¯ÂÈˆ

d > a

a
d

l

F

±≤†ßÒÓ†¯ÂÈˆ

±±†ßÒÓ†¯ÂÈˆ

α
α

α



—  ≤±≥— ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

È‡Æ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â ̇·ÓÈ˘Â¯ ̈˘ÒÎÂÌ
Ó¯Á˜È‰Ô Ó˘˙È ˜Â„Â˙ ˜·ÂÚÂ˙ F

1
 Â≠F

2

©‰˜¯‡Â˙ ÓÂ˜„ÈÌ®¨ ˘ÂÂ‰ Ï˜ËÚ ˜·ÂÚ ˘‡Â¯ÎÂ
2a ‰Â‡ ‡ÏÈÙÒ‰ ©ˆÈÂ¯ ÓÒß ≥±®Æ

r1 + r2 = 2a

A ′ A = 2a

BF1 = BF2 = ′ B F1 = ′ B F2 = a

È·Æ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙ ·ÓÈ˘Â¯¨
˘‰Ù¯˘ Ó¯Á˜È‰Ô Ó˘˙È ˜Â„Â˙ ˜·ÂÚÂ˙

F
1

 Â≠F
2

 ˘ÂÂ‰ Ï˜ËÚ¨ ˘‡Â¯ÎÂ 2a¨ ‰Â‡
‰ÈÙ¯·ÂÏ‰ ©ˆÈÂ¯ ÓÒß ¥±®Æ

r1 − r2 = 2a

A1A2 = 2a

È¯ËÓÂ‡È‚ ÌÂ˜Ó· ˙Â¯Â˘˜‰ ˙ÂÈÚ· Ë˜Ï Æ∂

Î„È Ï‰ËÓÈÚ ‡˙ Á˘È·Â˙ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È — ÈÂˆ‚Â Ó˘ÈÓÂ˙ ˘ÂÂ˙ ·Â˘‡Æ ·Á¯Â ·ÚÈÂ˙ ÂÓ˘ÈÓÂ˙¨
˘Ï¯Â· ‡ÈÔ ÓÂÎ¯Â˙ ©ÁÏ˜Ô Ó˜Â¯ÈÂ˙® — ˙ÂÍ Ó˙Ô Ú„ÈÙÂ˙ ÏÓ˜ÂÓÂ˙ ‚È‡ÂÓË¯ÈÈÌ¨ ˘È˙Ô ÏÓˆÂ‡ ‡Â˙Ì
·˘˙È „¯ÎÈÌ∫ ‰„ÒÈ˙ Â‡Ï‚·¯È˙Æ ‰˘ÈÏÂ· ˘Ï ˙ÁÂÓÈ Ó˙ÓËÈ˜‰ ˘ÂÈÌ ÓÈÂÚ„ Ï‰„‚È˘ ÏÏÂÓ„¨ ˘ÚÙÈ
‰Ó˙ÓËÈ˜‰ Ó˘ÂÏ·ÈÌ Ê‰ ·Ê‰¨ Â˘ÏÚÈ˙ÈÌ „¯Í ‡Á˙ Ú„ÈÙ‰ ÚÏ ‰˘ÈÈ‰ Ó·ÁÈ˙ ‰Ù˘ËÂ˙ Â‰˜ÏÂ˙¨ ÂÎÍ
·ÏÈË ‡˙ ÈÂÙÈÈ‰ ˘Ï ‰Ó˙ÓËÈ˜‰Æ
ÏÎÏ ·ÚÈ‰ ‰Â·‡Â Ù˙¯ÂÂ˙ ÓÏ‡ÈÌ ·˘˙È ‰„¯ÎÈÌ¨ ÂÏ¯Â· ‰·ÚÈÂ˙ È˙Â Ó˘ÈÓÂ˙ ‰Ó˘Í¨ ·„¯Í ÎÏÏ
·ÚÈÂ˙ ÈÈ˘ÂÌ Â·ÚÈÂ˙ Î‡˙‚̄ ÚˆÓÈÆ
Ï˜Ë ‰·ÚÈÂ˙ Ù˙Á ·Ó˘ÈÓ‰ Ù¯„Â˜ÒÈ˙ ̈‰ÓÒ˙ÓÎ˙ ÚÏ ÈÈ˘ÂÌ ˙ÎÂÂ˙È‰Ì ˘Ï ˘È Ó˜ÂÓÂ˙ ‚È‡ÂÓË¯ÈÈÌ
·ÒÈÒÈÈÌ∫ ‡Í ‡ÓˆÚÈ ÂÁÂˆ‰ ÊÂÂÈ˙Æ

±≥†ßÒÓ†¯ÂÈˆ

A A’

B

B’

F1 F2

r1 r2

±¥†ßÒÓ†¯ÂÈˆ

A1F1 F2

r1 r2

A2



Ó˘‰ ÒËÂÙÏ

—  ≤±¥—  ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

¢ÌÈÈ˜Â˘ ‰ÂÂ˘ ‡Â‰ ˘ÏÂ˘Ó ÏÎ¢ ∫ËÙ˘Ó Æ∂Æ±

‰ÂÎÁ ̈˘Ó˘ÂÏ ̆ABC ‰Â‡ ˘¢ ̆©ˆÈÂ¯
ÓÒß µ±®Æ
·‰ ‡˙ ÁÂˆ‰ ÊÂÂÈ˙ BAC Â‡˙ ‰‡Í
‰‡ÓˆÚÈ ÏˆÏÚ BC¨ ‰Á˙ÎÈÌ ·˜Â„‰

NÆ Â¯È„ ‡ ̇‰‡ÎÈÌ ÏˆÏÚÂ˙ª ND Â≠
NEÆ

ÓÁÙÈÙ˙ ‰Ó˘ÂÏ˘ÈÌ∫ ADN Â≠AEN
©ÊÆˆÆÊÆ® — Â·Ú ˘≠∫ AD=AE Â≠

DN=EN ©˙ÎÂ˙ ÁÂˆ‰ ÊÂÂÈ˙ ÎÓ˜ÂÌ
‚È‡ÂÓË¯È®Æ

NB=NC ©˙ÎÂ˙ ‰‡Í ‰‡ÓˆÚÈ Ï˜ËÚ®Æ ÏÎÔ Ó˘ÂÏ˘ÈÌ DNB Â≠ENC ÁÂÙÙÈÌ ©ÏÙÈ ˘˙È
ˆÏÚÂ˙ ÂÊÂÂÈ˙ ÓÂÏ ‰ˆÏÚ ‰‚„ÂÏ‰®Æ ÓÁÙÈÙ˙ Ó˘ÂÏ˘ÈÌ ‡ÏÂ Â·Ú∫ DB=ECÆ
Ó˘È ‰˘ÈÂÂÈÂÈÌ ˘‰ÂÎÁÂ∫ AD=AE Â≠BD=EC Â·Ú ̈AB=AC ̈ÎÏÂÓ ̄

‰Ò·¯ ‰Ù¯„Â˜Ò∫
ÎÏ ˘Ï·È ‰‰ÂÎÁ‰ ÎÂÈÌ¨ Ù¯Ë ÏÚÂ·„‰ ‰¯‡˘ÂÈ˙¨ ˘·Ó˘ÂÏ˘ ÎÏ˘‰Â — ‰‡Í ‰‡ÓˆÚÈ Ï·ÒÈÒ
ÂÁÂˆ‰ ‰ÊÂÂÈ ̇˘Ï ‰˜Â„˜Â„ ˘ÓÂÏÂ Ù‚˘ÈÌ ÓÁÂı ÏÓ˘ÂÏ˘¨ ÂÚÏ≠ÎÔ ‰‰Ó˘Í ‡ÈÂ ÎÂÔÆ ¯˜ ·Ó˘ÂÏ˘
˘¢˘ Ó˙ÏÎ„ÈÌ Ê‰ ÚÌ Ê‰ ‰‡Í ‰‡ÓˆÚÈ Ï·ÒÈÒ ÂÁÂˆ‰ ÊÂÂÈ˙ ‰¯‡˘Æ

ÌÈÈ¯ËÓÂ‡È‚ ˙ÂÓÂ˜Ó ˙‡ÈˆÓ

≤Æ∂AB
kk > 0k  1

®±∂ ßÒÓ ¯ÂÈˆ© 

˙ÂÔ ˜ËÚ ABÆ ˜·Ú ÚÏÈÂ ˜Â„‰ E ·‡ÂÙÔ ˘≠AE

EB
= k

©·ÈˆÂÚ ÓÈ˜ÂÌ ‰˜Â„‰ ·ÚÊ¯˙ Ó˘ÙË ˙ÏÒ®Æ
·‡ÂÙÔ „ÂÓ‰ ˜·Ú ˜Â„‰ F ÚÏ ‰Ó˘Í ‰˜ËÚ AB

·‡ÂÙÔ ˘≠AF

BF
= kÆ

ÈÁ¨ ÎÈ ‰˜Â„‰ P ˘ÈÈÎ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È¨ Ê‡˙ ‡ÂÓ¯˙ PA

PB
= kÆ

D

B M

N

E

C

α α

A

±µ†ßÒÓ†¯ÂÈˆ

±∂†ßÒÓ†¯ÂÈˆ

B

P

A E F



—  ≤±µ— ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

Á·¯ ‡˙ ‰˜Â„‰ P ÚÌ ‰˜Â„Â˙∫ E ,B ,A Â≠FÆ

ÏÙÈ ‰·ÈÈ‰ Â‰‰Á‰ PA

PB
=

AF

BF
= k¨ ÂÂ·Ú ÓÎÍ ˘≠PEE ÁÂˆ‰ ‡˙ ‰ÊÂÂÈ˙ APB ©Ó˘ÙË ‰ÙÂÍ

ÏÓ˘ÙË ÁÂˆ‰ ‰ÊÂÂÈ˙®Æ ·‡ÂÙÔ „ÂÓ‰ Ó‰˜˘ ̄PA

PB
=

AF

EF
= k Â·Ú ̈ÎÈ PF ÁÂˆ‰ ‡ ̇‰ÊÂÂÈ ̇‰ÁÈˆÂÈ˙

ÏÊÂÂÈ˙ ‰Ó˘ÂÏ˘ APBÆ ÎÈ„ÂÚ¨ ‰ÊÂÂÈ˙ ·ÈÔ ÁÂˆÈ ÊÂÂÈÂ˙ ˆÓÂ„Â˙ ‰È‡ ·˙ ∞∞π ©EPF=900®¨ Ê‡˙
‡ÂÓ¯˙¨ ˘‰˜Â„‰ P Óˆ‡˙ ÚÏ ÓÚ‚Ï ˘˜ÂË¯Â EFÆ ‰˜Â„Â˙ E Â≠F ˜·ÂÚÂ˙¨ ÂÏÎÔ ÎÏ ‰˜Â„Â˙¨
‰Ó˜ÈÈÓÂ˙ ‡˙ ‰˙‡È¨ Óˆ‡Â˙ ÚÏ ‰ÓÚ‚Ï ‰¢ÏÆ

Q ˙‰‡ ˜Â„‰ ÎÏ˘‰È ÚÏ ÓÚ‚Ï ˘˜ÂË¯Â EF ©ˆÈÂ¯ ÓÒß ∑±®Æ
‰˜Â„Â ̇E Â≠F ˜·ÚÂ ̈ÎÙÈ ˘˙Â‡ ̄·˙ÁÈÏ ̇‰‰ÂÎÁ‰Æ

ˆ¢Ï¨ ˘‰˜Â„‰ Q Ó˜ÈÈÓ˙ ‡˙ ‰ÈÁÒ QA

QB
= kÆ

Ú·È¯ „¯Í ‰˜Â„‰ B È˘¯¨ ‰Ó˜·ÈÏ  Ï≠AQÆ ÒÓÔ
·≠C Â·≠D ‡ ̇˜Â„Â ̇‰ÁÈ˙ÂÍ ˘Ï È˘ ̄Ê‰ ÚÌ ‰Ó˘Í
‰È˘¯ QE ÂÚÌ ‰ÓÈ˙¯ QF — ·‰˙‡Ó‰Æ Ó„ÈÓÈÂÔ

‰Ó˘ÂÏ˘ÈÌ∫ AEQ Â≠BEC Â·Ú AQ

BD
=

AF

BF
= kÆ

ÚÏ ÒÓÍ „ÈÓÈÂÔ ‰Ó˘ÂÏ˘ÈÌ∫ AQF Â≠BDF Â·Ú∫ AQ

BC
=

AE

EB
= k¨ ÂÓ˘È‰Ì Â·Ú

AQ

BC
=

AQ

BD
= k ̈ÎÏÂÓ ̄CB=BD ̈Ê‡ ̇‡ÂÓ¯ ̇QB — ˙ÈÎÂÔ ·Ó˘ÂÏ ̆CQDÆ Ó˘ÂÏ ̆CQD

‰Â‡ Ó˘ÂÏ ̆È˘ ̄ÊÂÂÈ ̇©EQF — ÊÂÂÈ ̇‰È˜ÙÈ˙ ̈‰˘Ú ̇ÚÏ ˜ÂË¯®Æ Ó‡Á ̄˘‰˙ÈÎÂÔ ÏÈ˙ ̄·Ó˘ÂÏ˘

È˘¯ ÊÂÂÈ˙ ˘ÂÂ‰ ÏÓÁˆÈ˙ ‰È˙¯¨ ‰¯È QB=BC¨ ‡·Ï ‰ÂÎÁ¨ ÎÈ AQ

BC
= kÆ ÏÎÔ AQ

BQ
= kÆ ÓÆ˘ÆÏÆ

Î‡˘ ̄k > 0 Â≠k ≠ 1 ̈‰Ù˙¯ÂÔ ‰Â‡ ÈÁÈ„ ©ÓÚ‚Ï ‡ÙÂÏÂÈÂÒ®Æ ‡Ì k = 0 ̈‡Ê ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡
˜Â„‰ A ·Ï·„Æ ‡Ìk = 1 ¨ ‡Ê ‰Ó˜ÂÌ ‰Â‡ ‰‡Í ‰‡ÓˆÚÈ Ï˜ËÚ ABÆ

±∑†ßÒÓ†¯ÂÈˆ

A E B
F

Q

C

D



Ó˘‰ ÒËÂÙÏ

—  ≤±∂—  ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

ÒÓÔ ‡ ̇‰Ó¯Á ̃AB ·≠2aÆ ·Á ̄ÓÚ¯Î˙
ˆÈ¯ÈÌ ·‡ÂÙÔ ˘ˆÈ¯ ‰≠x ÚÂ·¯ „¯Í
‰˜Â„Â ̇A Â≠B ̈ÂˆÈ ̄y ÁÂˆ‰ ‡ ̇‰˜ËÚ

AB ©ˆÈÂ¯ ÓÒß ∏±®Æ ·‰˙‡Ì Ï·ÁÈ¯˙
ÓÚ¯Î˙ ‰ˆÈ¯ÈÌ È‰ÈÂ ˘ÈÚÂ¯È ‰˜Â„Â˙
Î„Ï˜ÓÔ∫
©-a,o®A Â≠©a,o®BÆ
©x,y®P ˙‰‡ ˜Â„‰ ÎÏ˘‰È ÚÏ ‰Ó˜ÂÌ

‰‚È‡ÂÓË¯ÈÆ ÏÙÈ ‰˙‡È PA

PB
= k Â·ÚÊ¯˙ ÂÒÁ˙ ‰Ó¯Á˜ ·ÈÔ ˘˙È ˜Â„Â˙ ·ÓÈ˘Â¯ — ˜·Ï ‡˙

‰˜˘¯ ‰·‡∫

(x + a)2 + (y − 0)2 = k (x − a)2 + (y − 0)2

ÚÏ‰ ·¯È·ÂÚ¨x2 + 2ax + a2 + y2 = k2 x2 − 2k2ax + k2a2 + k 2y2

Ò„¯ ‡È·¯ÈÌ¨(k 2 − 1)x2 − 2a(k 2 + 1)x + (k 2 −1)y2 = −(k2 −1)a2

ÁÏ˜ ·≠k2-1≠0¨x2 − 2
a(k 2 +1)

k2 − 1
x + y2 = −a2

·ˆÚ ‰˘ÏÓ‰ Ï¯È·ÂÚ¨x −
a(k 2 + 1)

(k 2 −1)

 

 
  

 

 
  

2

+ y2 =
4a2 k2

(k2 −1)2

ÓÎ‡Ô Â·Ú¨ ÎÈ ‰˜Â„‰ P Óˆ‡˙ ÚÏ ÓÚ‚Ï¨ ˘Ó¯ÎÊÂ ·˜Â„‰ a(k 2 + 1)

(k 2 −1)
,0

 

 
  

 

 
   ©ÚÏ ˆÈ¯ ‰≠x®

Â¯„ÈÂÒÂ 2ak

k2 −1
Æ

˜Ï Ï‰¯‡Â˙¨ ˘ÎÏ ˜Â„‰ Q Ú·Â¯‰  QA

QB
≠ k ‡È‰ Óˆ‡˙ ÚÏ ‰ÓÚ‚ÏÆ „·¯ Ê‰ ÓÂÎÈÁ¨ ÎÈ ‰ÓÚ‚Ï

‰¢Ï ‰Â‡ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Ó·Â˜˘Æ

ÌÂ˘ÈÈ ˙ÈÈÚ·

ÓÂˆ¯ ÓÒÂÈÌ ÓÈÂˆ¯ ·˘È ÓÙÚÏÈÌ∫ A Â≠BÆ ÚÏÂ˙ ‰ÈÈˆÂ¯ ·˘È ‰ÓÙÚÏÈÌ ˘ÂÂ‰¨ ‡Í ÓÁÈ¯ ‰‰Â·Ï‰

±∏†ßÒÓ†¯ÂÈˆ

y

A(-a,o) B(a,o)

P(x,y)

x



—  ≤±∑— ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

Ï˜¢Ó ÓÓÙÚÏ A Ï·È ̇‰Ï˜ÂÁ ÓÂÍ ÙÈ k ÓÓÁÈ ̄‰‰Â·Ï‰ Ï˜¢Ó ÓÓÙÚÏ B Ï·È ̇‰Ï˜ÂÁÆ ‡ÈÏÂ ˜ÂÈÌ¨
Ó·ÁÈ˙ ‡ÊÂ¯ Ó‚Â¯ÈÌ¨ ÈÚ„ÈÙÂ Ï˜Â˙ ·ÓÙÚÏ A¨ Â‡ÈÏÂ ÈÚ„ÈÙÂ Ï¯ÎÂ˘ ‡Â˙Â ·ÓÙÚÏ Bø

Ù˙¯ÂÔ
‡Ì Ó¯Á ̃Ó˜ÂÌ Ó‚Â¯ÈÂ ˘Ï Ï˜ÂÁ ÓÓÙÚÏ A ‚„ÂÏ ÙÈ k ÓÓ¯Á˜Â ÓÓÙÚÏ B ̈‡Ê ÚÏÂ ̇‰¯ÎÈ˘‰ ˘ÂÂ‰Æ
Ê‡ ̇‡ÂÓ¯˙ ̈ÎÈ ÏÏ˜ÂÁÂ˙ ̈‰Óˆ‡ÈÌ ÚÏ ÓÚ‚Ï ‡ÙÂÏÂÈÂÒ ‰Ó˙‡ÈÌ ̈‡ÈÔ ‰·„Ï ÎÒÙÈ ·ÚÏÂ ̇‰¯ÎÈ˘‰Æ
Ï˜ÂÁÂ˙ ̈‰Óˆ‡ÈÌ ·˙ÂÍ ‰ÚÈ‚ÂÏ ̈ÈÚ„ÈÙÂ ¯ÎÈ˘‰ ·ÓÙÚÏ  B©ÈÂ˙ ̄ÊÂÏ®Æ ÏÚÂÓ˙Ì ̈Ï˜ÂÁÂ˙ ̈‰Ó˙‚Â¯¯ÈÌ
ÓÁÂı ÏÓÚ‚Ï¨ ÈÚ„ÈÙÂ ˜ÈÈ‰ ·ÓÙÚÏ A ©ÈÂ˙¯ ÊÂÏ®Æ

≥Æ∂

a

ÒÓÔ ·≠A Â·≠B ‡˙ ˘˙È ‰˜Â„Â ̇‰˙ÂÂ˙Æ M ˙‰‡
‡Á˙ Ó˜Â„Â˙ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ©ˆÈÂ¯ ÓÒß π±®Æ ÒÓÔ

AB=lÆ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È Ó˜ÈÈÌ ‡˙ ‰˙‡È∫
 MA2 + MB2 = a2

ÒÓÔ ·≠C ‡˙ ‡ÓˆÚ ‰˜ËÚ AB¨ Â‡¯ÈÍ ‡˙ ˜ËÚ
MC Î‡Â¯ÎÂ — Ú„ Ï˜Â„‰ NÆ ‰˙˜·Ï‰ Ó˜·ÈÏÈ˙

AMBN ©Ó¯Â·Ú ̈˘‡ÏÎÒÂÈÂ ÁÂˆÈÌ Ê‰ ‡ ̇Ê‰®Æ ÎÈ„ÂÚ¨
˜ÈÈÌ ˜˘¯ ·ÈÔ ˆÏÚÂ˙ ‰Ó˜·ÈÏÈ˙ Ï‡ÏÎÒÂÈ‰ª
 2(MA2+MB2)=AB2+MN2Æ ·‰˙‡Ì ÏÒÈÓÂÈÌ

— Ó˜·Ï ‰˜˘¯ ‡˙ ‰ˆÂ¯‰ ‰·‡‰∫ 2a2=l2+MN2Æ
ÁÏı ‡˙ MNÆ

˜·ÂÚ 
  
MN = 2a2 − l2 ⇒ CM =

1

2
2a2 − l2 =

Ó‡Á¯ ˘≠CM ‰Â‡ ‚Â„Ï ˜·ÂÚ — ·‰˙‡Ì Ï˙‡ÈÌ ‰˙ÂÈÌ¨ ‰¯È ˘‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡ ÓÚ‚Ï¨
˘Ó¯ÎÊÂ C ©˜Â„˙ ‰‡ÓˆÚ ˘Ï ˜ËÚ AB® Â¯„ÈÂÒÂ CMÆ
˜Ï Ï‰ÂÎÈÁ ¨˘‡Ì MA2+MB2≠a2¨ ‡Ê ‰˜Â„‰ M ‡È‰ Óˆ‡˙ ÚÏ ‰ÓÚ‚ÏÆ Ï·ÈÈ˙ ‰˜ËÚ CM
È˙Ô Ï‰ÈÚÊ¯ ·Ó‡Ó¯∏Æ

±π†ßÒÓ†¯ÂÈˆ

M

B
C

N

A



Ó˘‰ ÒËÂÙÏ

—  ≤±∏—  ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

≤∞†ßÒÓ†¯ÂÈˆ

y
P(x,y)

x

B
l
2

,0






A
l
2

,0






≤±†ßÒÓ†¯ÂÈˆ

α
K A

ED

B CM

2
α

Æ‡‡ Ì2a2 > l2‚ÚÓ ‡Â‰˘ ÔÂ¯˙Ù ‰ÈÚ·Ï ˘È ÆÏ
Æ· Ì‡2a2 = l2¨ ‚‰ ÌÂ˜Ó‰ Ê‡· ˙Á‡ ‰„Â˜Ó ·Î¯ÂÓ È¯ËÓÂ‡È·Ï ‡È‰Â ¨„C — ÚË˜ ÚˆÓ‡ ABÆ
Æ‚ Ì‡2a2 < l2Æ‰ÈÚ·Ï ÔÂ¯˙Ù ÔÈ‡ 

·Á¯ ·ÓÚ¯Î˙ ˆÈ¯ÈÌ ·‡ÂÙÔ ˘ˆÈ¯ ‰≠x
ÚÂ· ̄„¯Í ‰˜Â„Â ̇‰˙ÂÂ ̇A Â≠B ̈ÂˆÈ¯
‰≠y ÁÂˆ‰ ‡˙ ‰˜ËÚ )ˆÈÂ¯ ÓÒß ∞≤®Æ

P(x,y) ˙‰‡ ˜Â„‰¨ ‰˘ÈÈÎ˙ ÏÓ˜ÂÌ
‰‚È‡ÂÓË¯È∫ PA2+PB2=a2Æ
·ÚÊ¯˙ ÂÒÁ˙ ‰Ó¯Á˜ ·ÈÔ ˘˙È ˜Â„Â˙
·ÓÈ˘Â¯ — ˜·Ï¨

 
  

x +
l
2

 
  

 
  

2

+ y2 + x −
l
2

 
  

 
  

2

+ y2 = 2a2 ⇒ x2 + y2 =
2a2 − l2

4

ÏÙÈ ‰˜˘¯ ‰‡Á¯ÂÔ ·ÈÔ x Â≠y ¯Â‡ÈÌ¨ ˘‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡ ÓÚ‚Ï¨ ˘Ó¯ÎÊÂ ·¯‡˘È˙ ‰ˆÈ¯ÈÌ

©‡ÓˆÚ ‰˜ËÚ AB®¨ Â¯„ÈÂÒÂ ˘ÂÂ‰ Ï≠
  
1

2
⋅ 2a2 − l2 ÓÆ˘ÆÏÆ

ÌÂ˘ÈÈ ˙ÈÈÚ·
·‰ Ó˘ÂÏ˘ ÏÙÈ ÊÂÂÈ˙ ‰¯‡˘ ‰Á„‰ α¨ ¯„ÈÂÒ ‰ÓÚ‚Ï ‰ÁÂÒÌ R ÂÒÎÂÌ ¯È·ÂÚÈ ‰˘Â˜ÈÈÌ d2Æ

ÈÁ¨ ˘‰Ó˘ÂÏ˘ ‰Ó·Â˜˘ ‰Â‡ ABCÆ ‰˜Â„Â˙ B ,A Â≠C
˘ÈÈÎÂ˙ ÏÓÚ‚Ï¨ ˘¯„ÈÂÒÂ R¨ BAC=α¨

AB2+AC2=d2 ©ˆÈÂ¯ ÓÒß ±≤®Æ
˙ÚÏÌ Ó‰˙‡È ˘Ï ÒÎÂÌ ¯È·ÂÚÈ ‰˘Â˜ÈÈÌ ̈Â·‰ ÓÚ‚Ï
˘¯„ÈÂÒÂ RÆ ·Á ̄ÚÏÈÂ ˜Â„‰ ÎÏ˘‰È AÆ ·˜Â„˜Â„ A
·‰ ‡˙ ‰ÊÂÂÈ˙ αÆ ˘Â˜È ‰ÊÂÂÈ˙ ˜Â·ÚÈÌ ‡˙ ‰·ÒÈÒ

BC ˘Ï ‰Ó˘ÂÏ˘Æ ˜ÈÈÓÈÌ ‡ÈÒÂÛ Ó˘ÂÏ˘ÈÌ ÚÌ ·ÒÈÒ
BC ÂÊÂÂÈ˙ ‰¯‡˘ α ©ÎÏ ‰ÊÂÂÈ˙ ‰‰È˜ÙÈÂ˙¨ ‰˘ÚÂ˙

ÚÏ ‡Â˙‰ ˜˘˙ — ˘ÂÂ˙®Æ
·˘Ï· ‰˘È ˙ÚÏÌ Ó‰˙‡È ‰¯‡˘ÂÔ ̈Â·‰ ‡ ̇‰Ó˜ÂÌ



—  ≤±π— ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

‰‚È‡ÂÓË¯È ˘Ï ‰˜Â„Â˙¨ ˘ÒÎÂÌ ¯È·ÂÚÈ Ó¯Á˜È‰Ô Ó≠B   Ï≠C ‰Â‡ d2Æ ÎÈ„ÂÚ ÓÓ˘ÈÓ‰ ≥Æ∂ Ê‰Â

ÓÚ‚Ï¨ ˘Ó¯ÎÊÂ M ©‡ÓˆÚ BC® Â¯„ÈÂÒÂ ˘ÂÂ‰ Ï≠1

2
⋅ 2d2 − BC2Æ

‰˜Â„Â˙∫ D Â≠E — ˜Â„Â˙ ‰ÁÈ˙ÂÍ ˘Ï ˘È ‰ÓÚ‚ÏÈÌ — ‰Ô ‰˜Â„Â ̇‰Ó·Â˜˘Â˙ Ï˜Â„˜Â„A ̈ Â‰Ô
Ó˜ÈÈÓÂ˙ ‡˙ ˘È ‰˙‡ÈÌÆ

ÏÙÈ Ó˘ÙË ‰ÒÈÂÒÈÌ BC=2Rsinα¨ Â‰˙‡È Ï˜ÈÂÌ ‰ÓÚ‚Ï ‰˘È ‰Â‡ 2d2 > 4R2sin2α ‡Â
d > R 2 sinαÆ

Î„È ˘‰ÓÚ‚ÏÈÌ ÈÈÁ˙ÎÂ¨ ˆ¯ÈÍ Ï‰˙˜ÈÈÌ ‰˙‡È MK ≥ r¨ Î‡˘¯ MK ‰‡Í ‰‡ÓˆÚÈ Ï≠BC Ú„
ÏÁÈ˙ÂÍ ÚÌ ‰ÓÚ‚Ï¨ ˘¯„ÈÂÒÂ R Â≠r ¯„ÈÂÒ ‰ÓÚ‚Ï ‰˘ÈÆ

 MK = BMctg
2

 ‡Â MK=Rsin ctg
2

 ˆÈ· Ê‡˙ ·˙‡È

2
≥

1

2
2d2 − 4R2 sin2Rsinα ctg

ÁÏı ‡˙ d2 ÂÂˆÈ‡ ˘Â¯˘ Â˜·Ï d ≤ 2R 2cos
2

 ÓÎ‡Ô¨ ˘˜ÈÈÌ Ù˙¯ÂÔ ©Ù˙¯ÂÂ˙® Ï·ÚÈ‰¨ ¯˜

‡Ì∫ R 2sin < d ≤ 2R 2cos
2

¥Æ∂

R

ÒÓÔ ·≠©R,O® ‡˙ ¯„ÈÂÒÂ ÂÓ¯ÎÊÂ ˘Ï ‰ÓÚ‚Ï ‰˙ÂÔ¨ Â·≠
©r,O'® ‡˙ ¯„ÈÂÒÂ ÂÓ¯ÎÊÂ ˘Ï ‰ÓÚ‚Ï ‰Ó˘È˜ ©ˆÈÂ¯ ÓÒß ≤≤®Æ
·Ó¯Á˜ R Ó‰Ó˘È˜ ‰˙ÂÔ — Ú·È¯ ‡˙ ‰È˘¯ ‰Ó˜·ÈÏ l'Æ
‰Ó¯Á ̃·ÈÔ Ó¯ÎÊÈ ‰ÓÚ‚ÏÈÌ OO' ‰Â‡ R+r ̈Â‰Â‡ ˘ÂÂ‰ ÏÓ¯Á˜
˘·ÈÔ ‰Ó¯ÎÊ O' Ï·ÈÔ ‰È˘ ̄l'Æ ÏÙÈÎÍ ‰˜Â„‰ O' Ó˜ÈÈÓ ̇‡˙
‰‚„¯ ̇‰Ù¯·ÂÏ‰Æ ‰Ó˜ÂÌ ‰Ó·Â˜ ̆‰Â‡ Ù¯·ÂÏ‰ ̈˘ÓÂ˜„‰ Ó¯ÎÊ
‰ÓÚ‚Ï ‰˙ÂÔ ©O® ÂÓ„¯ÈÎ‰ ‰Â‡ ‰È˘¯ l'Æ

≤≤†ßÒÓ†¯ÂÈˆ

l

R
r O’

r

R
R

O

l’



Ó˘‰ ÒËÂÙÏ

—  ≤≤∞—  ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

Ó˘ÂÂ‡ ̇‰ÓÚ‚Ï ‰˙ÂÔ ˙‰‡∫ (x-R)2+y2=R2 ̈„‰ÈÈÂ Ó¯ÎÊ ‰ÓÚ‚Ï
ÚÏ ˆÈ¯ ‰≠x ·˜Â„‰ ©R,0®¨ Â‰Â‡ ÚÂ·¯ „¯Í ¯‡˘È˙ ‰ˆÈ¯ÈÌÆ ˆÈ¯
‰≠y È‰‡ ‰È˘ ̄‰Ó˘È˜Æ ÒÓÔ ·≠O'(X,Y) ‡ ̇Ó¯ÎÊ ‰ÓÚ‚Ï ̈‰Ó˘È˜
ÏÓÚ‚Ï ‰˙ÂÔ © ˆÈÂ¯ ÓÒß ≥≤®Æ

O'D=OO'-R=r=X ©D — ˜Â„˙ ‰‰˘˜‰ ÏˆÈ¯ ‰≠y®

(X − R)2 + (Y − 0)2 − R = X

Ú·È¯ ‡˙ R Ï‡‚Û ‰ÈÓÈ¨ ÚÏ‰ ·¯È·ÂÚ Â˜·Ï Y2=4RXÆ
˜È·ÏÂ¨ ˘‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï Ó¯ÎÊÈ ‰ÓÚ‚ÏÈÌ ‰Â‡ Ù¯·ÂÏ‰¨
˘‰Ù¯ÓË¯ ˘Ï‰ P=2R¨ ÎÏÂÓ¯ ÓÂ˜„‰ Óˆ‡ ·˜Â„‰ ©R,0® —
·Ó¯ÎÊ ‰ÓÚ‚Ï ‰˙ÂÔÆ

µÆ∂

A Â≠B ˙‰ÈÈ‰ ‰˜Â„Â ̇‰˙ÂÂ˙ ̈Â≠a ‡Â¯Í ‰˜ËÚ ‰˙ÂÔÆ
M ˙‰‡ ‡Á˙ Ó˜Â„Â˙ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ©ˆÈÂ¯ ÓÒß ¥≤®Æ
Ó‰˜Â„‰ M Â¯È„ ‡Í MN ÏÈ˘ ̄ABÆ ·Ó˘ÂÏ ̆AMN
ÏÙÈ Ó˘ÙË ÙÈ˙‚Â¯Ò¨ AM2=AN2+MN2

·Ó˘ÂÏ˘ BMN ÏÙÈ Ó˘ÙË ÙÈ˙‚Â¯Ò¨
BM2=BN2+MN2

ÁÒ¯ ‡˙ ‰Ó˘ÂÂ‡Â˙ Â˜·Ï¨ AM2-BM2=AN2-BN2¨
Ê‡ ̇‡ÂÓ¯ ̇AN2-BN2=a2Æ ˘ÈÂÂÈÂÔ Ê‰ Ó¯‡‰ ̈˘‚Ì ‰˜Â„‰ N ˘ÈÈÎ ̇ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯ÈÆ ‰˜Â„‰

N ‰È‡ ‰ÈËÏ ˘Ï ‰˜Â„‰ M ÚÏ ‰È˘¯ ABÆ
‰ÈÂ˙ Â≠M ‰È‡ ˜Â„‰ ÎÏ˘‰È ÚÏ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È¨ ‰‰Á‰
‰È‡ ̈˘‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡ ‡Í ÏÈ˘ ̄AB ̈‰ÚÂ· ̄„¯Í ‰˜Â„‰

N¨ ˘Ó˜ÈÈÓ˙ AN2-BN2=a2Æ ˙‡¯ ‡˙ ‰·ÈÈ‰ ÏÓˆÈ‡˙
‰˜Â„‰ NÆ
·˜Â„‰ B ·‰ ‡Í Ï≠AB¨ ˘‡Â¯ÎÂ a ©BP=a®Æ ·‰ ‡Í
‡ÓˆÚÈ Ï˜ËÚ AP¨ ‰ÁÂ˙Í ‡˙ ‰˜ËÚ AB ·˜Â„‰ N ©ˆÈÂ¯ ÓÒß µ≤®Æ

≤≥†ßÒÓ†¯ÂÈˆ

R

r
r
O’(X,Y)

y

xO(R,0)

D

A

M

B

≤¥†ßÒÓ†¯ÂÈˆ
N

≤µ†ßÒÓ†¯ÂÈˆ
N

A B

P

a



—  ≤≤±— ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

ÂÎÈÁ¨ ÎÈ ‰˙˜·Ï‰ ‰˜Â„‰ ‰Ó·Â˜˘˙∫ AN=NP ©˙ÎÂ˙ ‡Í ‡ÓˆÚÈ® ÚÏ≠È„È ˘ÈÓÂ˘ ·Ó˘ÙË
ÙÈ˙‚Â¯Ò ·Ó˘ÂÏ˘ PBN Ó˜·ÏÈÌ NP2-BN2=a2Æ ÓÆ˘ÆÏÆ

ÒÓÔ ·≠l ‡˙ ‰Ó¯Á˜ AB¨ Â·Á¯

ÓÚ¯Î˙ ˆÈ¯ÈÌ ·‡ÂÙÔ ˘≠
  
A −

l
2

,0
 
  

 
  

Â≠
  
B

l
2

,0
 
  

 
  Æ P(x,y))  ˙‰‡ ˜Â„‰ ÚÏ

‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ©ˆÈÂ¯ ÓÒß ∂≤®Æ
ÏÙÈ ‰‰‚„¯‰ PA2-PB2=a2

  
x +

l
2

 
  

 
  

2

+ y2 − x −
l
2

 
  

 
  

2

− y2 = a2

˜·Ï 
  
x =

a2

2l
¨ ÎÏÂÓ¯ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡ È˘¯ ‰Ó‡ÂÍ Ï≠ABBÆ ÓÆ˘ÆÏÆ

®˙ÈÓˆÚ ‰„Â·ÚÏ© ÌÂ˘ÈÈ ˙ÈÈÚ·

È˘ Ï·Â˙ Ó˘ÂÏ˘ ÏÙÈ ·ÒÈÒ ˙ÂÔ¨ ÊÂÂÈ˙ ‰¯‡˘ Â‰Ù¯˘ ‰¯È·ÂÚÈÌ ˘Ï ‰˘Â˜ÈÈÌÆ

∂Æ∂ÆwA
Aw

M ˙‰‡ ‡Á˙ Ó˜Â„Â˙ ‰Ó˜ÂÌ
‰‚È‡ÂÓË¯È¨ Ê‡˙ ‡ÂÓ¯˙

AM=MBÆ Á· ̄‡ ̇‰˜Â„Â˙
A Â≠B ÚÌ Ó¯ÎÊ ‰ÓÚ‚ÏÆ Ú·È¯

MC Ó˜·ÈÏ Ï≠OBÆ
MC — ˜ËÚ ‡ÓˆÚÈÌ ·Ó˘ÂÏ˘

ABOÆ

≤∂†ßÒÓ†¯ÂÈˆ

y P(x,y)

x

B
l
2

,0A
l
2

,0−
x =

a2

2l

B
M

A

C
O

w

≤∑†ßÒÓ†¯ÂÈˆ
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ÏÎÔ ‰˜Â„‰ C ‰È‡ ‡ÓˆÚ ˘Ï ˜ËÚ ˜·ÂÚ AO ÂÎÔ MC =
1

2
OBÆ ˜Â„‰ C ‡È‰ ˙ÏÂÈ‰ ·˜Â„‰

M ˘ÚÏ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯ÈÆ Ê‡˙ ‡ÂÓ¯˙¨ ÎÈ ÎÏ ‰˜Â„Â˙¨ ‰˘ÈÈÎÂ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È¨ Óˆ‡Â˙
·Ó¯Á˜ ˘ÂÂ‰ Ó≠C¨ Â‰Ó¯Á˜ ‰Â‡ ÓÁˆÈ˙ ‰¯„ÈÂÒ ˘Ï ‰ÓÚ‚ÏÆ
‰ÓÒ˜‰∫ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Ó·Â˜˘ ‰Â‡ ÓÚ‚Ï ·ÚÏ Ó¯ÎÊ C ©‡ÓˆÚ ‰˜ËÚ AO® Â¯„ÈÂÒ¨ ‰˘ÂÂ‰
ÏÓÁˆÈ˙ ¯„ÈÂÒ ‰ÓÚ‚Ï ‰˙ÂÔÆ

·Á ̄ÓÚ¯Î ̇ˆÈ¯ÈÌ ̈˘·‰ Ó¯ÎÊ ‰ÓÚ‚Ï ÚÏ ˆÈ ̄‰≠
x Â‰˜Â„‰ A ·¯‡˘È˙ ‰ˆÈ¯ÈÌÆ r È‰‡ ¯„ÈÂÒÂ ˘Ï
‰ÓÚ‚Ï ˘Ó¯ÎÊÂ ·˜Â„‰ O(a, o) ©ˆÈÂ¯ ÓÒß ∏≤®Æ
Ó˘ÂÂ‡˙ ‰ÓÚ‚Ï ·ÓÚ¯Î˙ ‰ˆÈ¯ÈÌ ˘·Á¯‰ ‰È‡∫

(x-a)2+y2=r2Æ P(x,y) ˙‰‡ ˜Â„‰ ÚÏ ‰ÓÚ‚Ï
M(X,Y) Â˙‰‡ ˜Â„˙ ‰‡ÓˆÚÈ ˘Ï ‰˜ËÚ AP¨

„‰ÈÈÂ ˜Â„‰ ÚÏ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯ÈÆ

Y =
y

2
⇒ y = 2Y¨ X =

x

2
⇒ x = 2X

ˆÈ· ‡˙ x Â≠y ·Ó˘ÂÂ‡˙ ‰ÓÚ‚Ï∫

(2X - a)2 + (2Y)2 = r2 ⇒ X −
a

2

 
  

 
  

2

+ Y2 =
r

2

 
  

 
  

2

˜È·ÏÂ Ó˘ÂÂ‡˙ ÓÚ‚Ï ·ÚÏ Ó¯ÎÊ ©a

2
,o® Â¯„ÈÂÒ r

2
Æ ÓÆ˘ÆÏÆ

˙ÈÓˆÚ ‰„Â·ÚÏ ÌÂ˘ÈÈ ˙ÈÈÚ·

˙ÂÈÌ ÓÚ‚Ï w¨ ˜Â„‰ A ÓÁÂı ÏÂ ÂÈ˘¯ MNÆ
Óˆ‡ ÚÏ È˘¯ MN ˜Â„‰¨ ‰ÁÂˆ‰ ‡˙ ‰˜ËÚ¨ ‰ÓÁ·¯ ‡˙ ‰˜Â„‰ A ÚÌ ÓÚ‚Ï wÆ ˆ¯ÈÍ ÏÁ˜Â¯ ‡˙
‰Ù˙¯ÂÔÆ

∑Æ∂Æ 

s
Ó˜ÂÌ ‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙¨ ‰Óˆ‡Â˙ ·Ó¯Á˜ s Ó‰˘Â˜ OB ‰Â‡ È˘¯ ̈‰Ó˜·ÈÏ Ï˜¯Ô OB ·Ó¯Á˜
s ÓÓ‰Æ -K ˜Â„˙ ‰ÓÙ‚˘ ˘ÏÂ ÚÌ ‰˜¯Ô OA ˘ÈÈÎ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È ‰Ó·Â˜˘ ©ˆÈÂ¯ π≤®Æ

≤∏†ßÒÓ†¯ÂÈˆ

y

x
w

A(o,o)

P(x,y)

M(X,Y)

O(a,o)
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α

s

A

L BO G F

MI

K
H

E

≤π†ßÒÓ†¯ÂÈˆ

·‡ÂÙÔ „ÂÓ‰ ‰˜Â„‰ L—
˜Â„˙ ‰ÁÈ˙ÂÍ ˘Ï ‰È˘¯
‰Ó˜·ÈÏ Ï˜¯Ô OA¨ ÂÓˆ‡
·Ó¯Á˜ s ÓÓ‰¨ ÚÌ ‰˜¯Ô

DB¨ ˘ÈÈÎ˙ ‡Û ‰È‡ ÏÓ˜ÂÌ
‰‚È‡ÂÓË¯È ‰Ó·Â˜˘Æ
ÂÎÈÁ¨ ÎÈ ‰˜ËÚ KL ‰Â‡
‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Ó·Â˜˘Æ
·Á¯ ˜Â„‰ ÎÏ˘‰È M ÚÏ
‰˜ËÚ KL¨ ÂÂÎÈÁ¨ ˘‰È‡
˘ÈÈÎ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯ÈÆ
Â¯È„ ‡ÎÈÌ∫

LE⊥OA,KG ⊥OB,MH⊥OA,MF⊥OB Â≠MI⊥KGÆ ÏÙÈ ‰·ÈÈ‰ ‰˜Â„Ó˙ ̈KG=LE=sÆ
‰Ó˘ÂÏ˘ÈÌ∫KEL  Â≠KGL ÁÂÙÙÈÌ ÏÙÈ Èˆ· ÂÈ˙¯¨ ÂÏÎÔ EKL = GLKÆ Óˆ„ ˘È¨

GLK = KMI ‰Ô ÊÂÂÈÂ˙ Ó˙‡ÈÓÂ˙ ©MI||OB Â≠KL ÁÂ˙Í®Æ
∆MKH ≅ ∆MIK ©ÊÆˆÆÊÆ®Æ ÓÁÙÈÙ˙ ‰Ó˘ÂÏ˘ÈÌ — Â·Ú∫ MH=IKÆ ÏÎÔ

MH+MF=KI+IG=sÆ ·ÎÍ ‰ÂÎÁÂ¨ ˘ÎÏ ˜Â„‰ ÚÏ ‰˜ËÚ KL ˘ÈÈÎ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È
‰Ó·Â˜˘Æ
ÂÎÈÁ¨ ˘ÎÏ ˜Â„‰ ·˙ÂÍ ‰ÊÂÂÈ˙¨ ˘‡È‰ Óˆ‡˙ ÚÏ ‰˜ËÚ

KL¨ ‡È‰ ˘ÈÈÎ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È ©ˆÈÂ¯ ÓÒß ∞≥®Æ
È˜Á ˜Â„Â ̇P1 Â≠P2 ̈˘‰Ô ·˙ÂÍ ‰ÊÂÂÈ˙ ̈‡Í ‡ÈÔ ÚÏ ‰˜ËÚ

KLÆ Â¯È„ Ó‰Ô ‡ÎÈÌ Ï˘Â˜È ‰ÊÂÂÈ˙Æ
Ó‰˘¯ËÂËÈÌ ¯Â‡ÈÌ¨ ÎÈ

P1F1+P1H1 > H
1
N > GK = s

P2F2+P2H2 < QF2 < GK = s
Â‡Ê P1F1+P1H1 > s Â≠P2F2+P2H2 < sÆ Ê‡˙ ‡ÂÓ¯˙¨
˘‰˜Â„Â˙ P1 Â≠P2 ‡ÈÔ ˘ÈÈÎÂ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯ÈÆ ·ÎÍ
‰ÂÎÁÂ ̈ÎÈ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ̈‰Ó˜ÈÈÌ ‡ ̇‰˙‡È ̈‰Â‡ ‰˜ËÚ

KLÆ

α

H2

Q
K

H1

A

P1

F2 G N L
B

≥∞†ßÒÓ†¯ÂÈˆ

P2

F1
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Æ±ÏÚ ‰„Â˜ ÏÎ Ï˘ ‰È˜Á¯Ó ÌÂÎÒ ˘¢˘ ˘ÏÂ˘Ó· ÈÎ ¨ÁÎÂ‰
‚ ‡Â‰ ˘ÏÂ˘Ó‰ È˜Â˘Ó ÒÈÒ·‰·˜ Ï„Â‚Ï ‰ÂÂ˘‰ ¨ÚÂ‰·Â

·ÚÏ ‰ÈÚ·© ˘ÏÂ˘Ó‰ ˜Â˘Æ®˙ÈÓˆÚ ‰„Â
Æ≤‰„Â˜ Ï˘ ‰È˜Á¯Ó ÌÂÎÒ ˙ÂÚÏˆ ‰ÂÂ˘ ˘ÏÂ˘Ó· ÈÎ ¨ÁÎÂ‰

‚ ‡Â‰ ˘ÏÂ˘Ó‰ ˙ÂÚÏˆÓ ˘ÏÂ˘Ó· ˙ÈÓÈÙ·˜ Ï„Â‰ÂÂ˘‰ ¨ÚÂ
‚ÏÆ˘ÏÂ˘Ó‰ ‰·Â

·Ó˘ÂÏ ̆˘¢ˆ ABC ©ˆÈÂ¯ ÓÒß ±≥® ·Á¯ ˜Â„‰ ÎÏ˘‰È KÆ
Ú·È¯ „¯Î‰ ˜ËÚ MN¨ ‰Ó˜·ÈÏ Ï·ÒÈÒÆ ÏÙÈ ·ÚÈÈ˙ ‰ÈÈ˘ÂÌ ‰˜Â„Ó˙¨ ‰˜ËÚ MN ‰Â‡ Ó˜ÂÌ
‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙¨ ˘ÒÎÂÌ Ó¯Á˜È‰Ô ÓˆÏÚÂ˙ Ó˘ÂÏ˘ AMN ©‚Ì ˘¢ˆ® ‰Â‡ ‚Â„Ï ˜·ÂÚ¨
‰˘ÂÂ‰ Ï‚Â·‰ AL ˘Ï Ó˘ÂÏ˘ AMN ©‰‚Â·‰ Ï˘Â˜ ˘ÂÂ‰ Ï‚Â·‰ Ï·ÒÈÒ®Æ Ó¯Á˜ ‰˜Â„‰ K
Ó‰ˆÏÚ BC ˘ÂÂ‰ Ï˜ËÚ LF¨ ˘ÈÁ„ ÚÌ AL ‰Â‡ ‰‚Â·‰ ˘Ï ‰Ó˘ÂÏ˘ ABCÆ ÓÆ˘ÆÏÆ
‰Ú¯‰∫ È˙Ô Ï‰ÂÎÈÁ ·ÚÈ‰ ÊÂ ·„¯ÎÈÌ ÂÒÙÂ˙∫ ‰„Ò˙ ÓÈ˘Â¯¨
Ë¯È‚ÂÂÓË¯È‰ Â‰„Ò‰ ‡ÏÈËÈ˙Æ

È¯ËÓÂ‡È‚ ÌÂ˜Ó ˙‡ÈˆÓ Ï˘ ˙ÂÙÒÂ ˙ÂÓÈ˘Ó

±Æ∑ABCC=900

C
AB

‰Ú¯‰∫ ·˘Ï· ¯‡˘ÂÔ Î„‡È Ï˙˙ Ï˙ÏÓÈ„ÈÌ ÎÓ˘ÈÓ‰ ÏÓˆÂ‡
‡ ̇‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ÚÏ≠È„È ‰ÊÊ ̇ÓÂ„Ï ‰Ó˘ÂÏ ̆ÚÏ ˘Â˜È‰
˘Ï ÊÂÂÈ˙ È˘¯‰Æ ·‡Â˙‰ ‰Ê„ÓÂ˙ È˙Ô ÏÓˆÂ‡ ‡˙ ‰Ó˜ÂÌ
‰‚È‡ÂÓË¯È ˘Ï ˜Â„˙ ‡ÓˆÚ ‰È˙¯ LÆ
Ó‰ÈÒÂÈ Ó˜·ÏÈÌ¨ ˘‰˜Â„˜Â„ C Ú ÚÏ ˜ËÚ ˘Ï ˜Â È˘¯
©˘‰Ó˘ÎÂ ¯‡˘È˙ ‰ˆÈ¯ÈÌ®¨ Â‡ÈÏÂ ˜Â„˙ ‡ÓˆÚ ‰È˙¯ Ú‰
ÚÏ ˜˘ ̇ÓÚ‚Ï ̈˘¯„ÈÂÒÂ — ÓÁˆÈ ̇‰È˙¯ ̈ÂÓ¯ÎÊÂ — ˜Â„˜Â„
‰ÊÂÂÈ˙ ‰È˘¯‰ ˘Ï ‰È˘¯ÈÌÆ È˘ Ï˙˙ ‡˙ ‰„Ú˙¨ ˘‰Ó¯Á˜
·ÈÔ ‰˜Â„‰ L ©‡ÓˆÚ ‰È˙¯® Ï˜Â„‰ C ©˜Â„˜Â„ ‰ÊÂÂÈ˙
‰È˘¯‰® ‰Â‡ ÓÁˆÈ˙ ‰È˙¯Æ

A

N

FB

M L K

C

≥±†ßÒÓ†¯ÂÈˆ

y

A

xB

C
L

≥≤†ßÒÓ†¯ÂÈˆ

≥≥†ßÒÓ†¯ÂÈˆ

y
A

x
B

C

O

a

b

c
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≥¥†ßÒÓ†¯ÂÈˆ

ß·

A B

C

ß‚

A

B

C

ß‡

A

B

C b
a c

≥µ†ßÒÓ†¯ÂÈˆ

y
A

x
B

C

α

α
O

F

a

‰˜Â„‰ C ˙‰‡ — ‡Á„ ‰Óˆ·ÈÌ ˘Ï ˜Â„˜Â„ ‰ÊÂÂÈ ̇‰È˘¯‰ ©ˆÈÂ ̄ÓÒß ≥≥®Æ Ó¯Â·Ú AOBC ‰Â‡ ·¯≠
ÁÒÈÓ‰ ( O = C = 900)Æ ÏÎÔ COB = BAC ©ÊÂÂÈÂ˙ ‰È˜ÙÈÂ˙¨ ‰˘ÚÂ˙ ÚÏ ‡Â˙‰
˜˘˙®Æ ‰ÈÂ˙ ÂÊÂÂÈ˙ BAC ‰È‡ ˜·ÂÚ‰¨ ÎÏ ˜Â„‰ c Óˆ‡˙ ÚÏ ˜¯Ô¨ ‰ÈÂˆ¯˙ ÚÌ ‰È˘¯  OX ÊÂÂÈ˙
‰˘ÂÂ‰ Ï≠BACÆ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡ ¯˜ ˜ËÚ ÚÏ ‰˜¯Ô  ©ÎÙÈ ˘Óˆ‡ — ˆÈÂ¯ ÓÒß ≤≥®Æ Î„È
Ï˜·ÂÚ ‡˙ ˜ˆÂ˙ ‰˜ËÚ — Óˆ‡ ‡˙ ‰Ó¯Á˜ÈÌ ‰ÓÈÈÓÏÈ Â‰Ó˜ÒÈÓÏÈ ˘Ï ‰˜Â„‰ C Ó‰˜Â„‰ OÆ
ÒÓÔ∫ AB=c¨ AC=b Â≠BC=a¨ ÂÈÁ ÎÈ BC≤ACÆ
˙·ÂÔ ·˘ÏÂ˘˙ ‰Óˆ·ÈÌ ‰ÓÈÂÁ„ÈÌ ˘Ï Ó˘ÂÏ˘ ABC ©ˆÈÂ¯ ÓÒß ¥≥ ‡ß¨ ·ß¨ ‚ß®Æ

ÏÙÈ ‰ˆÈÂ¯¨ ‰Ó¯Á˜ÈÌ ˘Ï C Ó˜Â„˜Â„ ‰ÊÂÂÈ˙ ‰È˘¯‰ ˘ÂÂÈÌ c ,b ,a — ·‰˙‡Ó‰Æ
ÂÎÈÁ¨ ˘·Ó˜¯‰ ‰ÎÏÏÈ Ó˙˜ÈÈÌ∫ ‡Â¯Í ‰È˙¯ ≤ OC ≤ Ó‰Èˆ· ‰˜ˆ¯ ÈÂ˙¯Æ
Ó˜Â„‰ C ̈·Óˆ· ÎÏ˘‰Â ˘Ï ‰Ó˘ÂÏ˘ ̈Â¯È„ ‡Í CF ÏˆÈ ̄‰≠xÆ CF≤a
©ˆÈÂ¯ ÓÒß µ≥® ÂÓ˙˜·Ï ∆COF~∆ABCÆ Ó‰„ÈÓÈÂÔ ˜ÈÈÌ ‰˜˘¯∫

CO

AB
=

CF

BC
⇒

CO

c
=

CF

a
≤ 1

Ê‡˙ ‡ÂÓ¯˙¨ CO≤c
ÒÓÔ BAC=αÆ ‰ÈÂ˙ Â˜·ÚÂ a≤b¨ ÏÎÔ

α ≤      ABC ≤     OBCÆ ÏÎÔ ·≠∆OBC  CO≥BC=aÆ
ÓÒ˜‰∫ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡ ˜ËÚ C

1
C

2
 ÚÏ ˜¯Ô¨ ‰ÈÂˆ¯˙ ÚÌ

È˘¯ OX ÊÂÂÈ˙  ÂÏÙÈÎÍ OC
1
=a Â≠OC

2
=cÆ
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ÒÓÔ ‡˙ ˘ÈÚÂ¯È ‰˜Â„Â˙ Î„Ï˜ÓÔ∫
B(x,o) ̈A(o,y) Â≠C(X,Y) ̈©ˆÈÂ ̄ÓÒß µ≥ ‡ß®Æ

‰ÈÂ˙ Â¯‡ÈÂ ˘‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È Óˆ‡ ÚÏ ˜¯Ô
OC¨ ‰ÈÂˆ¯ ÊÂÂÈ˙ α ÚÌ ˆÈ¯ ‰≠x¨ ‰¯È ˘Ó˘ÂÂ‡˙

‰È˘¯¨ ˘˜Â„Â˙ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È Óˆ‡Â˙ ÚÏÈÂ¨
‰È‡∫Y = tg ⋅ XÆ ÏÙÈ Ó˘ÂÏ˘ ABCC¨

tg =
a

b
¨ ÂÏÎÔ Ó˘ÂÂ‡˙ ‰È˘¯ ‰È‡ Y =

a

b
XÆ

ÆÈ¯ËÓÂ‡È‚‰ ÌÂ˜Ó‰ Ï˘ ÚË˜‰ ˙Âˆ˜ ˙‡ÈˆÓÏ ‰ÊÈÏ‡

ÒÓÔ OC=t¨ BAO=γÆ È˘ ÏÓˆÂ‡ ÓÈÈÓÂÌ ÂÓ˜ÒÈÓÂÌ ˘Ï ‰Ú¯Í t¨ Î‡˘¯ ˜Â„˜Â„ÈÌ A Â≠B
ÚÈÌ ÚÏ ‰ˆÈ¯ÈÌÆ
ÏÙÈ Ó˘ÙË ‰˜ÂÒÈÂÒÈÌ ·Ó˘ÂÏ˘ OAC¨ t2=y2+b2-2bycos(α+γ)¨ 0≤y≤c

cos( + ) = cos cos − sin sin =
b

c
⋅
y

c
−

a

c
⋅
x

c
=

by − ax

c2

t 2 = y2 + b2 −
2by

c2
(by − ax) =

1

c2
(c2 y2 − 2b2y2 + 2abxy + c2b2 )

ÏÙÈ Ó˘ÂÏ˘ AOB¨ x = c2 − y2¨ ˆÈ· ‡˙ Ú¯Í x ·Ó˘ÂÂ‡˙ ‰Ó¯Á˜

t 2 =
1

c2 c2y2 − 2b2y2 + 2aby c2 − y2 + c2 b2( )©™®

·ˆÚ ‚ÊÈ¯‰¨

(t2 )' y =
1

c2 2c2y − 4b2 y +
2ab c2 − 2y2( )

c2 − y2

 

 
 
 

 

 
 
 =

2

c2 a2 − b2( )y +
ab c2 − 2y2( )

c2 − y2

 

 
 
 

 

 
 
 

˘ÂÂ‰ ‡˙ ‰‚Ê¯˙ Ï≠∞∫

ÓÎ‡Ô¨ (a2 − b2 )y =
ab(2y2 − c2 )

c2 − y2
©™™®

ÒÓÔ∫ a2-b2=k Â≠ab=p¨ ÂÚÏ‰ ·¯È·ÂÚ ‡˙ ˘È ‰‡‚ÙÈÌ∫

ß‡†≥µ†ßÒÓ†¯ÂÈˆ

y

A(o,y)

x
B(x,o)

C(X,Y)
α

α
O

a

y

x

b

c

t

γ
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k2y2 =
p2 4y4 − 4c2y2 + c4( )

c2 − y2 ⇒ c2 k2 y2 − k2y4 = 4p2y4 − 4p2c2y2 + p2c4

‡Â¨4p2 + k2( )y4 − c2 4p2 + k2( )y2 + p2c4 = 0

4p2 + k2 = 4a2b2 + a4 − 2a2b2 + b4 = a4 + 2a2b2 + b4 = (a2 + b2 ) = c4

ˆÈ· Ê‡˙ Â˜·Ï∫ c4y4 − c6y2 + p2c4 = 0 => y4 − c2y2 + a2 b2 = 0

ÒÓÔ¨ z=y2 Â˜·Ï¨ z2-c2z+a2b2=0

z1,2 =
c2 c4 − 4p2

2
=

c2 ± (a2 − b2)2

2
=

a2 + b2 ± (a2 − b2 )

2

z1 = a2 ,y1
2 = a2 ⇒ y1 = a

z2 = b2 ,y2
2 = b2 ⇒ y2 = b

‰ˆ· ̇Ù˙¯ÂÂ ̇ÏÓ˘ÂÂ‡‰ ©™™® Ó¯‡‰ ̈ÎÈ y=b ‰Â‡ ˘Â¯ ̆ÓÈÂ˙¯Æ Î„È ÏÓˆÂ‡ ÓÈÈÓÂÌ ÂÓ˜ÒÈÓÂÌ ˘Ï
t ·˙ÁÂÌ o≤y≤c ̈ˆÈ· ÏÂÒÁ‰ ©™® ‡ ̇‰˜ˆÂÂ ̇˘Ï
‰˜ËÚ ‰Ò‚Â¯ ¸o,c˛ Â‚Ì Ú¯Í y=a¨ ‰Á˘Â„ Î˜Â„˙
˜ÈˆÂÔ∫

t(c)=aª t(a)=cª t(0)=b ÏÙÈ ‰‰Á‰∫ a≤bÆ ÏÎÔ
tmin=a¨ tmax=c ÓÆ˘ÆÏÆ

≤Æ∑Æ

Ó‡Á¯ ˘≠AB ˆÏÚ ˙Â‰ ·ÓÚ‚Ï ·ÚÏ ¯„ÈÂÒ ˙ÂÔ¨
‰¯È ˘‰Ì ˜Â·ÚÈÌ ‡˙ ÊÂÂÈ˙ ‰¯‡˘ ˘Ï ‰Ó˘ÂÏ˘ CÆ
Î„È ÏÙ˘Ë ‡˙ ‰·ÚÈ‰ — ÈÁ¨ ÎÈ C ÊÂÂÈ˙ Á„‰Æ
ÒÓÔ ·≠M ‡ ̇Ó¯ÎÊ ‰ÓÚ‚Ï ‰ÁÒÂÌ ·Ó˘ÂÏ ̆ABC
©ˆÈÂ¯ ÓÒß ∂≥®Æ O— Ó¯ÎÊ ‰ÓÚ‚Ï ‰ÁÂÒÌÆ
·ˆÚ ÁÈ˘Â· ÊÂÂÈ˙∫

= 1800 −
1

2
1800 − C( ) = 900 +

1

2
C

AMB = 1800 − 1

2
A + 1

2
B







=1800 − 1

2
A + B( ) =

C

BA

C’

M’

MO

≥∂†ßÒÓ†¯ÂÈˆ



Ó˘‰ ÒËÂÙÏ

—  ≤≤∏—  ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

ÎÏÂÓ¯ AMB ‰È‡ ·ÚÏ˙ ‚Â„Ï ˜·ÂÚÆ
ÏÙÈÎÍ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡ ˜˘˙¨ ˘ÓÓ‰ ¯Â‡ÈÌ ‡˙ ‰˜ËÚ AB ·ÊÂÂÈ˙ ‰È˜ÙÈ˙ ˘Ï

900 +
1

2
C ©·ÈÈ˙ ‰˜˘˙ ˘ÈÈÎ˙ Ï·ÈÈ˙ ÈÒÂ„ ·‰„Ò˙ ‰ÓÈ˘Â¯®Æ

‡Ì ‰ÊÂÂÈ˙ C ˜‰‰¨ ‰¯È ‰˜Â„˜Â„ C È‰È‰ Ó‰ˆ„ ‰˘È ˘Ï AB ©˜Â„˜Â„ ·ˆÈÂ¯ ∂≥®¨ Ê‡˙ ‡ÂÓ¯˙

= 1800 − CC’¨ Â‡Ê AM’B= 1800 − 1

2
CÆ ÏÙÈÎÍ ˜ÈÈÓ˙ ‡Ù˘¯Â˙ ÂÒÙ˙ ÏÓ˜ÂÌ

‚È‡ÂÓË¯È¨ Â‰Â‡ ‰˜˘˙¨ ˘ÓÓ‰ ¯Â‡ÈÌ ‡˙ ‰˜ËÚ AB ·ÊÂÂÈ˙ 1800 − 1

2
C ©C ÊÂÂÈ˙ Á„‰®Æ

‰ÓÒ˜‰∫ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ÓÂ¯Î· Ó˘˙È ˜˘˙Â˙ ‰·ÂÈÂ˙ ÚÏ ‰˜ËÚ ABÆ
Ï·ÚÈ‰ ˜ÈÈÌ Ù˙¯ÂÔ ¯˜ ·˙‡È ˘‰ˆÏÚ ‰˙Â‰ ‡È‰ ‚„ÂÏ‰ Ó˜ÂË¯ ‰ÓÚ‚ÏÆ ·Ó˜¯‰ ˘Ï ¢˘ÂÂÈÂÔ¢ —
‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ÓÂ¯Î· Ó˘˙È ˜˘˙Â˙ ˘Ï ÓÚ‚Ï¨ ÒÈÓË¯ÈÂ˙ Ï‚·È ‰ˆÏÚ ABÆ

˙ÈÓˆÚ ‰„Â·ÚÏ ÌÂ˘ÈÈ ˙ÂÈÚ·

±Æ≤Æ∑ÆÓˆ‡ ‡ ̇‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï Ó¯ÎÊÈ ‰ÓÚ‚ÏÈÌ ̈‰ÁÒÂÓÈÌ ·Ó˘ÂÏ˘ÈÌ ·ÚÏÈ ·ÒÈÒ Ó˘Â˙Û
ÂÊÂÂÈÂ˙ ‰¯‡˘ ˘ÂÂ˙Æ

≤Æ≤Æ∑Æ·‰ Ó˘ÂÏ˘ ÚÏ≠ÙÈ ‰·ÒÈÒ¨ ÊÂÂÈ˙ ‰¯‡˘ Â¯„ÈÂÒ ‰ÓÚ‚Ï ‰ÁÒÂÌÆ
≥Æ≤Æ∑Æ·‰ Ó˘ÂÏ˘ È˘¯ ÊÂÂÈ˙ ÚÏ≠ÙÈ ‰È˙¯ Â¯„ÈÂÒ ‰ÓÚ‚Ï ‰ÁÒÂÌÆ

≥Æ∑Æ

AB
C

ABC
·ÎÏ ‰Ó˘ÂÏ˘ÈÌ ABC ˘Âˆ¯ÈÌ —
˘ÂÂÈÌ ‰·ÒÈÒ AB ÂÊÂÂÈ ̇‰¯‡ ̆CÆ ÏÎÔ
ÎÏ ‰ÓÚ‚ÏÈÌ¨ ‰ÁÂÒÓÈÌ ‡Â˙Ì ‰Ì ·ÚÏÈ
‡Â˙Â ¯„ÈÂÒ ©Ó˘ÙË ‰ÒÈÂÒÈÌ®Æ ‰ÈÂ˙ ÂÎÏ
‰ÓÚ‚ÏÈÌ ‰Ó·Â˜˘ÈÌ ÚÂ·¯ÈÌ „¯Í ‰˜Â„‰ C
©˜Â„˜Â„ ˜·ÂÚ ·ÎÏ ‰Ó˘ÂÏ˘ÈÌ(¨ ‡Ê Ó¯ÎÊÈ‰Ì Óˆ‡ÈÌ

C

A

B

≥∑†ßÒÓ†¯ÂÈˆ



—  ≤≤π— ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

·Ó¯Á˜ ˘ÂÂ‰ Ó≠C ©ˆÈÂ¯ ÓÒß ∑≥®Æ
ÓÒ˜‰∫ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡ ÓÚ‚Ï ÚÌ Ó¯ÎÊ ·˜Â„‰ C Â¯„ÈÂÒ ‰˘ÂÂ‰ Ï¯„ÈÂÒ ˘Ï ÎÏ ‡Á„

Ó‰ÓÚ‚ÏÈÌ¨ ‰ÁÂÒÌ Ó˘ÂÏ˘ ÎÏ˘‰Â¨ ‰Ó˜ÈÈÌ ‡˙ ‰˙‡ÈÌ¨ ‡Â ·ÓÈÏÈÌ ‡Á¯Â˙¨ Ï≠AB

2 s i n C
Æ

¥Æ∑ÆABC
AB

Ó˜¯ÈÌ ˘ÂÈÌ ˘Ï ·ÈÈ˙ ˜Â„Â˙ M¨ ‰˘ÈÈÎÂ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È¨ ¯‡ÈÌ ·ˆÈÂ¯ ÓÒß ∏≥ ‡ß¨ ·ß¨ ‚ßÆ
·¯Â¯¨ ˘Ó¯Â·Ú ABCM ‰Â‡ ·¯≠ÁÒÈÓ‰Æ È˙¯ ÚÏ≠ÎÔ¨ CM ‰Â‡ ˜ÂË¯ ‰ÓÚ‚Ï¨ ‰ÁÂÒÌ ‡˙ Ó˘ÂÏ˘

ABCÆ ÏÙÈ ·ÚÈ‰ ≥Æ∑Æ ÎÏ ‰ÓÚ‚ÏÈÌ¨ ‰ÁÂÒÓÈÌ ‡˙ ‰Ó˘ÂÏ˘ÈÌ ABC¨ ‰Ì ˘ÂÂÈ ¯„ÈÂÒ¨ ÂÏÎÔ CM
‰Â‡ ‚Â„Ï ˜·ÂÚÆ
ÓÒ˜‰∫ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Ó·Â˜˘ ‰Â‡ ÓÚ‚Ï¨ ˘Ó¯ÎÊÂ C Â¯„ÈÂÒÂ ˘ÂÂ‰ Ï˜ÂË¯ ‰ÓÚ‚Ï ‰ÁÂÒÌ
Ó˘ÂÏ˘ ABC ÎÏ˘‰Â¨ ‰Ó˜ÈÈÌ ‡˙ ˙‡È ‰·ÚÈ‰Æ

µÆ∑Æ 

Æ
‰˜Â„‰ M ˙‰‡ ‡Á˙ Ó˜Â„Â˙ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯ÈÆ „¯Í M Ú·È¯ ˜ËÚ FG ‰Èˆ· Ï·ÒÈÒÆ Á·¯
‡˙ ‰˜Â„˜Â„ C ÚÌ F¨ Ú„ ‡˘¯ ‰Ó˘ÎÂ ÈÁ˙ÂÍ ·˜Â„‰ D  ‡˙ ‰·ÒÈÒÆ Ó„ÓÈÂÔ ‰Ó˘ÂÏ˘ÈÌ ‰·‡ÈÌ∫

∆CIF~∆CAD
Â≠∆CFH~∆CDB

≥∏†ßÒÓ†¯ÂÈˆ

ß‡
C B

M

A

α

ß‚

C
α
A

M

B

ß·

α

M

A

B C



Ó˘‰ ÒËÂÙÏ

—  ≤≥∞—  ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

Â·Ú∫ IF

AD
=

FH

DB
¨ ‡Í Ó≠IF=FH

Â·Ú¨ ˘≠AD=DB¨ ÎÏÂÓ¯ ‰È˘¯ CD ‰Â‡ ˙ÈÎÂÔ
·Ó˘ÂÏ ̆ABCÆ
Â¯È„ ‚Â·‰ CP¨ Á·¯ ‡˙ ‰˜Â„Â˙ D Â≠MÆ
‰Ó˘ÎÂ ˘Ï ‰È˘¯ ÁÂ˙Í ‡˙ ‰‚Â·‰ ·˜Â„‰ E
©ˆÈÂ¯ÈÌ π≥ Â≠∞¥®Æ
Ó„ÈÓÈÂÔ ‰Ó˘ÂÏ˘ÈÌ∫

∆DGM~∆DPE
Â≠∆DFM~∆DCE

Â·Ú¨ ÎÈ∫ MG

PE
=

MF

EC
¨

ÂÓ≠MG=MF Â·Ú¨ ˘≠PE=EC¨ Ê‡˙
‡ÂÓ¯˙ DE ‰Â‡ ˙ÈÎÂÔ ·Ó˘ÂÏ˘ DCPÆ
‰˜ËÚ ED¨ ‰ÎÂÏÏ ‡˙ ‰˜Â„‰ M ©‡Á˙
Ó˜Â„Â ̇‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È® ÓÁ· ̄‡ ̇˜Â„˙
‡ÓˆÚ ‰·ÒÈÒ AB ÚÌ ‡ÓˆÚ ‰‚Â·‰ Ï·ÒÈÒÆ
‰Á‰∫ ‰˜ËÚ DE  — ÏÏ‡ ˜ˆÂ˙ÈÂ — ‰Â‡
‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ©·˜Â„Â ̇D  Â≠E ‰ÓÏ·Ô
ÚÂ·¯ Ï˜ËÚ®Æ
Æ‡ ‰„Â˜‰˘ ¨ÂÁÎÂ‰M˙Á‡ ‡È‰˘ ¨

‚‰ ÌÂ˜Ó‰ ˙Â„Â˜ÓÏÚ ˙‡ˆÓ ¨È¯ËÓÂ‡È
ÆÏ¢‰ ÚË˜‰

Æ·‡È‰ Ï¢‰ ÚË˜‰ ÏÚ ‰„Â˜ ÏÎ˘ ¨ÁÈÎÂ 
„Â˜Â‰˘ÏÎ Ô·ÏÓ ÈÂÒÎÏ‡ Ï˘ ÍÂ˙ÈÁ‰ ˙
·˜ÓÆÏ¢‰ ÌÈ·ÏÓ‰ ˙ˆÂ

È˜Á ˜Â„‰ ÎÏ˘‰È ÚÏ ‰˜ËÚ DE — ‰˜ËÚ ‰ÓÁ·¯ ‡˙ ˜Â„˙ ‡ÓˆÚ ‰·ÒÈÒ D ÚÌ ˜Â„˙ ‡ÓˆÚ
‰‚Â·‰ Ï·ÒÈÒ E ©ˆÈÂ¯ ÓÒß ∞¥®Æ
Â¯È„ Ï≠AB ‡ ̇‰‡Í NQÆ ‡¯ÈÍ ‡ ̇NQ ·‡Â¯Í Ê‰ Â˜·Ï ‡ ̇‰˜Â„‰ S ·‡ÂÙÔ ˘≠NQ=NSÆ
„¯Í ‰˜Â„‰ S Ú·È¯ Ó˜·ÈÏ TU Ï·ÒÈÒ¨ ÂÓ˜ˆÂ˙ÈÂ Â¯È„ ‡ÎÈÌ Ï·ÒÈÒ UV Â≠TWÆ ˜Ï Ó‡Â„
Ï‰¯‡Â˙¨ ˘‰˜Â„‰ N ‰È‡ ˜Â„˙ ÓÙ‚˘ ‡ÏÎÒÂÈÌ ·ÓÏ·Ô TUVWÆ ÓÆ˘ÆÏÆ

A
K P G D L B

HFEI

C

M

≥π†ßÒÓ†¯ÂÈˆ

A
W PQD V B

E

C

N

¥∞†ßÒÓ†¯ÂÈˆ

S UT



—  ≤≥±— ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

∂Æ∑Æ

Ï·ÚÈ‰ ÊÂ È˘Ì ÈÈ˘ÂÓÈÌ ËÎÂÏÂ‚ÈÈÌ ·ÓÚ¯ÎÂ ̇ÓÎÈÂ ̇©·Ë¯ÒÙÂ¯ÓˆÈÂ ̇ÓÎÈÂ˙® ·¯Â·ÂËÈ˜‰ Â·ÓÎÈ˜‰
Ú„È‰Æ
·È‚Â„ ÏÓ˜¯ÈÌ ‰˜Â„ÓÈÌ — ˆÈ‚ ˙ÁÈÏ‰ ‡˙ ‰Ù˙¯ÂÔ ÚÏ≠È„È ‰„Ò‰ ‡ÏÈËÈ˙Æ

©O,R® Â≠©O1,r® È‰ÈÂ ‰ÓÚ‚ÏÈÌ ‰˙ÂÈÌ ©ˆÈÂ¯ ÓÒß ±¥®Æ
·Á ̄ÓÚ¯Î˙ ˆÈ¯ÈÌ¨ ·‡ÂÙÔ ˘ˆÈ¯ ‰≠x ÚÂ·¯ „¯Í Ó¯ÎÊÈ
‰ÓÚ‚ÏÈÌ¨ Â‡Á„ Ó‰Ì Óˆ‡ ·¯‡˘È˙ ‰ˆÈ¯ÈÌ∫ O(0,0)ª

O1(m,0)Æ
M ˙‰È‰ — ˜Â„‰ ÚÏ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯ÈÆ
ÏÙÈ Ó˘ÙË ÙÈ˙‚Â¯Ò¨  MT2=OM2-R2¨

MT12=O1M2-r2Æ
·Ë‡ ‡ ̇˘ÈÂÂÈÂÔ MT=MT1 ·ÚÊ¯ ̇ÂÒÁ ̇‰Ó¯Á ̃·ÈÔ
˘˙È ˜Â„Â˙∫ x2 + y2 − R2 = (x − m)2 + y2 − r2

Ù˙Á ‡˙ ‰·ÈËÂÈ Â˜·Ï∫x =
R2 − r2 + m2

2m

ÎÏÂÓ¯¨ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Â‡ ˜Â È˘¯ ·Ó‡ÂÍ ÏÈ˘¯ OO1Æ

˙‡¯ ˘È Ó˜¯ÈÌ ©ˆÈÂ¯ ÓÒß ≤¥ ‡ß¨
·ß®Æ ‰ÈÂ˙
Â≠OM2-O1M2=R2-r2¨
‰¯È ˘‰˙˜·Ï‰ ‰·ÚÈ‰ µÆ∂ ˘ÏÙÈ‰
‰Ù˙¯ÂÔ ‰Â‡ È˘ ̄MN ‰Ó‡ÂÍ ÏÈ˘¯

OO1Æ

ˆ¯ÈÎÈÌ ÏÓˆÂ‡ ÚÏ ‰È˘¯ OO1

˜Â„‰ N ·‡ÂÙÔ ˘≠ON2-O1N2=R2-r2 Æ
‰‚Â„Ï¨ R2-r2¨ ‰Â‡ Èˆ· ·Ó˘ÂÏ˘ È˘¯≠ÊÂÂÈ˙ ·ÚÏ È˙¯ R ÂÈˆ· rÆ

y

x

M(x,y)

r T1

O1O

R

T

¥±†ßÒÓ†¯ÂÈˆ

¥≤†ßÒÓ†¯ÂÈˆ

ß·

O1

M

T1

O

T

ß‡

O1

M

T1

O

T



Ó˘‰ ÒËÂÙÏ

—  ≤≥≤—  ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

ÒÓÔ OO1=d¨ ÂÓÎ‡Ô — ON2-(d-ON2)=R2-r2¨ ‡Â ON =
R2 − r2 + d2

2d
Æ

Ï˙È‡Â¯ ‰·ÈÈ‰ ¯‡‰ Ó˜Â¯ ©π®Æ

ÏˆÂ¯Í Á˜È¯‰ ÒÓÔ ·≠x ‡˙ Ó¯Á˜ ‰˜Â„‰ N Ó‰ÓÚ‚Ï ‰‚„ÂÏ∫

x = ON − R =
d − (R + r)[ ]⋅ d − (R − r)[ ]

2d

Æ‡‚ÚÓ‰ Ì‡ Ê‡ ¨®ß‡ ¥≤ ßÒÓ ¯ÂÈˆ© È˘Ï ıÂÁÓ „Á‡ ÌÈ‡ˆÓ ÌÈÏd>R+r≠Â d>R-r ÔÎÏÂ x>0Æ
‚ÚÓ‰ Ì‡ Ê‡ ¨®ß· ¥≤ ßÒÓ ¯ÂÈˆ© È˘‰ ÍÂ˙· „Á‡ ÌÈ‡ˆÓ ÌÈÏd<R+r Ì‚Â d<R-r·Â˘ ÔÎÏÂ ¨

x>0Æ
˜ÒÓ‚ÚÓ‰ ¯˘‡Î ∫‰ Ê‡ ¨ÌÈÎ˙Á ‡Ï ÌÈÏON>RÌÂ˜Ó‰ ˙‡ ‰ÂÂ‰Ó‰ ¨¯˘È‰ ˙¯ÓÂ‡ ˙‡Ê ¨

‚‰‚ÚÓÏ ıÂÁÓ ‡ˆÓ ¨È¯ËÓÂ‡È‚‰ ÏıÂÁÓ Ì‚ ‡ˆÓ ¯˘È‰ ÈÎ ¨ÁÈÎÂ‰Ï ¯˘Ù‡ Í¯„ ‰˙Â‡· ÆÏÂ„

‚ÚÓÏ Ì‡ ÆÔË˜‰ ÏR=r Ê‡ ¨ON =
d

2
¨ ÚË˜‰ ˙‡ ‰ˆÂÁ ¯˘È‰˘ ¨˙¯ÓÂ‡ ˙‡Ê OO1Æ

Æ·‚ÚÓÏ Ì‡ Ê‡ ¨®ß‡ ¥≥ ßÒÓ ¯ÂÈˆ© Û˙Â˘Ó ÊÎ¯Ó ˘È ÌÈÏd=0 Í¯Â‡Â ON‚ÂÓ ‡Ï Æ¯„
‚ ÌÂ˜Ó ÌÈÈ˜ ‡Ï ‰Ê ‰¯˜Ó· È¯ËÓÂ‡È—‚ÂÏ ÌÈÏÂ˜È˘Ó Ì‚ ÆÌÈÈ

Æ‚‚ÚÓ Ì‡ Ê‡ ¨®ß· ¥≥ ßÒÓ ¯ÂÈˆ© ÌÈÙ·Ó ÌÈ˜È˘Ó ÌÈÏd=R-rÔÎÏÂ ¨
x=0Æ

‚ÚÓ‰ Ì‡ Ê‡ ¨®ß‚ ¥≥ ßÒÓ ¯ÂÈˆ© ıÂÁ·Ó ÌÈ˜È˘Ó ÌÈÏd=R+rÔÎÏÂ 
x=0‚‰ ÌÂ˜Ó‰ ÌÈ¯˜Ó‰ È˘· ¯ÓÂÏÎ ¨Û˙Â˘Ó‰ ˜È˘Ó‰ ‡Â‰ È¯ËÓÂ‡È

‚ÚÓ‰ È˘ÏÆÌÈÏ
Æ„‚ÚÓ‰ Ì‡·Ú ¨®¥¥ ßÒÓ ¯ÂÈˆ© ÌÈÎ˙Á ÌÈÏ Û˙Â˘Ó Í˙ÂÁ ¯ÈCD¨

˙È˙Â¯È¯˘ ‰„Â˜ ÂÈÏÚ ¯Á·ÂM ÆÍ˙ÂÁ‰ Ï˘ ÈÂˆÈÁ‰ ˜ÏÁ‰ ÏÚ 

¥≥†ßÒÓ†¯ÂÈˆ

O

ß‡

O

ß·

O1
O

ß‚

O1
N N

¥¥†ßÒÓ†¯ÂÈˆ

O1

NO

T
T1

D

M

C



—  ≤≥≥— ÔÂ˙˘¢Ô‡˘¢ —ßÁ Í¯Î ¨‚¢Ò≠·¢Ò˘˙ 

 ÌÈ˜È˘Ó ‰·MT≠Â MT1‚ÚÓÏ ¨Í˙ÂÁ ˜È˘Ó ÏÚ ËÙ˘Ó‰ ÈÙÏ ÆÌÈÏ
MT2 = MC ⋅ MD = MT1

2¨¯ÓÂÏÎ MT=MT1   ‰„Â˜‰Â ¨M‚‰ ÌÂ˜ÓÏ ˙ÎÈÈ˘ ÆÈ¯ËÓÂ‡È
˜ÒÓÌ‡ ∫‰‚ÚÓ‰ ‚‰ ÌÂ˜Ó‰ Ê‡ ¨ÌÈÎ˙Á ÌÈÏÆÛ˙Â˘Ó‰ Í˙ÂÁ‰ Ï˘ ÈÂˆÈÁ‰ ˜ÏÁ‰ ‡Â‰ È¯ËÓÂ‡È

·Ó˜¯ÈÌ ‚ß Â≠„ß ‰·ÈÈ‰ Â·Ú˙ Ó‰Á˜È¯‰Æ
·Ó˜¯‰ ‡ß ‡Ù˘¯ ÏÓˆÂ‡ ‡˙ ‰˜Â„‰ N ÚÏ ‰È˘¯ OO1¨ ÎÙÈ ˘˙Â‡¯ ··ÚÈ‰ µÆ∂Æ
˙‡¯ „¯Í ‰¯·‰ ÈÂ˙¯ Ù˘ÂË‰¨ ÎÙÈ ˘¯‡‰ ·ˆÈÂ¯ ÓÒß µ¥ ‡ß¨ ·ßÆ
ÊÎÈ¯¨ ÎÈ ‰ÓÚ‚ÏÈÌ (O,R)
Â≠(O1,r) ‡ÈÌ Á˙ÎÈÌÆ
·‰ ÓÚ‚Ï ÎÏ˘‰Â O2 ̈‰ÁÂ˙Í
‡˙ ˘È ‰ÓÚ‚ÏÈÌO  Â≠O1Æ
‰ÁÏ˜ ‰ÁÈˆÂÈ ˘Ï ‰ÁÂ˙Í¨
‰Ó˘Â˙Û ÏÓÚ‚ÏÈÌ O Â≠O2¨
‰Â‡ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï
˜Â„Â˙ ̈˘Ó‰Ô ‡Â¯ÎÈ ‰Ó˘È˜ÈÌ
Ï≠O ÂÏ≠O2 ˘ÂÂÈÌÆ ‰ÁÏ˜
‰ÁÈˆÂÈ ˘Ï ‰ÁÂ˙Í ‰Ó˘Â˙Û
˘Ï ÓÚ‚ÏÈÌ O1 Â≠O2¨ ‰Â‡ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ˘Ï ˜Â„Â˙¨ ˘Ó‰Ô ‡Â¯ÎÈ ‰Ó˘È˜ÈÌ Ï≠O1 ÂÏ≠O2

˘ÂÂÈÌÆ
‰˜Â„‰ M  — ˜Â„˙ ‰ÓÙ‚˘ ˘Ï ‰ÁÂ˙ÎÈÌ ˘ÈÈÎ˙ ÏÓ˜ÂÌ ‰‚È‡ÂÓË¯È ‰Ó·Â˜˘Æ ‡Í Ó‰˜Â„‰ M
ÏÈ˘¯ OO1 ‰Â‡ ‰Ó˜ÂÌ ‰‚È‡ÂÓË¯È ‰Ó·Â˜˘Æ

˙ÂÓÂ˜Ó È‡¯Ó
±Æ‡·È¯È¨ Áß ©≤∑π±®Æ  ˙Ï≠‡·È·¨ ¯·È·Æ
≤Æ‚Â¯Ô¨ ·ß ©∂ππ±®Æ ÓÈ˘Ï· — ÓÙÚÏÈ ˙¯·Â˙ ÂÁÈÂÍÆ
≥Æ‡ÒÙÈÒ¨ ‡ß ©±∏π±®Æ  ‰Âˆ‡˙ ‰ÓÁ·¯Æ
¥Æ‡ÏÙÒÈ¨ Êß ©Á˘¢„®Æ  ˙Ï≠‡·È·¨ ‰‡ÂÏÙÔ Ï·‚¯Â˙ — ÏÁÓÔÆ
µÆ‚Â¯Ô¨ ·ß ©µππ±®Æ ˙Ï≠‡·È·¨ ‡Æ‡ÆÁÆ¯Æ ‡ÂÙÒË Ó‡Â¯ ·Ú¢ÓÆ
∂Æ‡·È¯È¨ Áß ©∏∏π±®Æ  ÓÈ˘Ï· — ÓÙÚÏÈ ˙¯·Â˙ ÂÁÈÂÍÆ
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