
·Á¯Ó ˙Ò„‰· ˙ÂÂ˘ ÔÂ¯˙Ù ˙ÂËÈ˘ ˙ÂÏÚ· ˙ÂÈÚ· ÏÂÏÎÓ

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Á¢ß„ Í¯ —  ≤∂µ—

˙ÂÂ˘ ÔÂ¯˙Ù ˙ÂËÈ˘ ˙ÂÏÚ· ˙ÂÈÚ· ÏÂÏÎÓ

·Á¯Ó ˙Ò„‰·

∫ÌÈ¯‡˙Æ·Á¯Ó· ÍÂ˙ÈÁ È¯Â˘ÈÓ ¨˙ÏÏÎÂ˘Ó ˙˘ÏÂ˘Ó ‰¯ÒÓÂ ‰È·Â˜ ª·Á¯Ó ˙Ò„‰· ˙ÂÈÚ· ÏÂÏÎÓ 

¯Èˆ˜˙
¨ÌÈÁË˘ È·Â˘ÈÁ ∫˙ÏÏÎÂ˘Ó ˙˘ÏÂ˘Ó ‰¯ÒÓÂ ‰È·Â˜Ï ˙Â¯Â˘˜‰ ˙ÂÓÈ˘Ó Ï˘ ÔÂÂ‚Ó ‚ˆÂÓ ‰Ê ¯Ó‡Ó·

Ô˜ÏÁ· ÆÈ˘Â˜‰ ̇ ÈÁ·Ó ̇ Â‚¯Â„Ó ̇ ÂÓÈ˘Ó‰ ÆÌÈÈ¯ËÓÂ‡È‚ ̇ ÂÓÂ˜ÓÂ ÌÈ˜Á¯Ó ̈ ÌÈ¯Â˘ÈÓ ÔÈ· ̇ ÂÈÂÂÊ ̈ ÌÈÁÙ

˙Â¯Ú‰Â ˙ÂˆÏÓ‰ ¨ÔÎÂ ¨‰˜ÈËÓ˙Ó· ÌÈÂ˘ ÌÈÙÚ ˙Â·Ï˘Ó‰ ¨ÔÂ¯˙Ù ˙‡ÈˆÓÏ ˙Â„Á‡ ˙ÂËÈ˘· ˙«»ÏÓ

Æ‰‡¯Â‰‰ ÍÈÏ‰˙· ÌÂ˘ÈÈÏ ˙ÂÈ„Â˙Ó

‡Â·Ó
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Ú·È¯ ‡˙ ÓÈ˘Â¯ ‰ÁÈ˙ÂÍ IKL ‰Èˆ· Ï·ÒÈÒ ‰˙Á˙ÂÔ ÂÚÂ·¯

„¯Í Ó¯ÎÊÂ OÆ

Ú˙È˜ ÓÈ˘Â¯ Ê‰ ÏˆÈÂ¯ ÓÒß ≤Æ

ÒÓÔ∫IO=H, IO'=h  ©h Â≠H ‰Ì ‚·‰È ‰ÙÈ¯ÓÈ„Â˙®Æ

V =
1

3
(a2H − b2 h) ‰Â‡ ÙÁ ÙÈ¯ÓÈ„‰ ˜ËÂÓ‰Æ ‡Â¯ÎÂ ˘Ï

‰˜ËÚ OO' ‰Â‡ aÆ Ó„ÓÈÂÔ ‰Ó˘ÂÏ˘ÈÌ IMN Â≠IKL Â·Ú ‰ÈÁÒ∫

b

a
=

h

H
=

h

a + h
Æ

ÁÏı ‡˙ h Â˜·Ï  h =
ab

a − b
 ÂÎÔ H = a + h =

a2

a − b
ˆÈ· ‡˙ ‰‚·‰ÈÌ h Â≠H ·ÂÒÁ˙ ‰ÙÁ Â˜·Ï∫

V =
1

3
a2 ⋅

a2

a − b
−

1

3
b2 ⋅

ab

a − b
=

1

3
a

a3 − b3

a − b

 
 
  

 
=

1

3
a a2 + ab + b2( )Æ

‰ÓÈ˘Ó‰ Ï˘ ÌÈÈÂˆÈ˜ ÌÈ¯˜Ó

Æ‡b=o  —‰ ‚‰ ÛÂÓ¯ÈÙ ‡Â‰ ¯ˆÂ·È¯ ‰„ÈÈÚÂ·˘ ˙‚Â ‰ÒÈÒ ‰‰·Âa ‡Â‰ ÂÁÙ ÔÎ ÏÚÂ 
1

3
a3

Æ

Æ·b=a  —‰ ‚‰ ÛÂ·Â˜‰ ‡Â‰ ¯ˆÂÈ¯Â˜Ó‰ ‰È ̆˙‰ÁÙ

a3 Æ

 ß· ‰ÓÈ˘Ó—‰È·Â˜Ó ‰Î˙Á˘ ‰„ÈÓ¯ÈÙ ÁÙ ·Â˘ÈÁ 

·˜Â·È‰ ABCDA'B'C'D' ·ÚÏ ̇Ó˜ˆÂÚ a ̈ÓÚ·È¯ÈÌ ÓÈ˘Â¯

ÁÈ˙ÂÍ A'BC' ‰ÁÂ˙Í Ó‰˜Â·È‰ ‡˙ ‰ÙÈ¯ÓÈ„‰

‰Ó˘ÂÏ˘˙ A'BC'B' ©ˆÈÂ¯ ÓÒß ≥®Æ

È˘ ÏÁ˘· ‡˙ ÙÁ ‰ÙÈ¯ÓÈ„‰Æ

ˆÈ‚ ≤ ˘ÈËÂ˙ ÏÁÈ˘Â· ‰ÙÁ ˘‰‰·„Ï ·ÈÈ‰Ô ‰Â‡

·ÁÈ¯˙ ‰Ù‡‰ ‰Ó˘Ó˘˙ ·ÒÈÒ ÏÙÈ¯ÓÈ„‰Æ
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ˆÈÂ¯ ÓÒß ¥

B

C’
B’

A’

a 2

a 2

a 2

ˆÈÂ¯ ÓÒß µ

ˆÈÂ¯ ÓÒß ∂

ß‡ ‰ËÈ˘

ÓÈÁÈÌ ‡˙ ‰ÙÈ¯ÓÈ„‰ ÚÏ ‰Ù‡‰ A'BC' ˘ˆÂ¯˙‰ Ó˘ÂÏ˘

˘ÂÂ‰≠ˆÏÚÂ˙¨ ‡Â¯Í ÎÏ ˆÏÚ∫ a 2¨ Â‡Â¯ÎÈ ‰Ó˜ˆÂÚÂ˙

‰ˆ„„ÈÈÌ∫ a ©ˆÈÂ¯ ÓÒß ¥®Æ

‰ÈËÏ ‰˜„˜Â„ ‰ÚÏÈÂÔ B' ÚÏ ‰·ÒÈÒ ‰Â‡ ‰˜Â„‰ O — Ó¯ÎÊ

‰·ÒÈÒÆ

ÏÙÈ Ó˘ÙË ‰ÒÈÂÒÈÌ∫ 
a 2

sin600 = 2R

˜·Ï R = a
2

3
ª

ÂÏÙÈ Ó˘ÙË ÙÈ˙‚Â¯Ò ˜·Ï h = a2 − R2 =
a

3
¨

ÂÏÎÔ ÙÁ ‰ÙÈ¯ÓÈ„‰ ‰Â‡ V =
1

3
⋅
1

2
a 2( )2

sin600 ⋅ h =
1

6
a3

¨ ÎÏÂÓ¯¨ ÙÁ ‰ÙÈ¯ÓÈ„‰ ‰Â‡

1

6
 ÓÙÁ ‰˜Â·È‰ ‰Ó˜Â¯È˙Æ

˘ÈË‰ ·ß

ÓÈÁÈÌ ‡˙ ‰ÙÈ¯ÓÈ„‰ ÚÏ ‰Ù‡‰ A'B'C'Æ

Ó˙˜·Ï˙ ÙÈ¯ÓÈ„‰ ˘‚Â·‰‰ a Â·ÒÈÒ‰ Ó˘ÂÏ˘ È˘¯≠ÊÂÂÈ̇

Â˘ÂÂ‰≠˘Â˜ÈÈÌ ˘‡Â¯Í Èˆ·ÈÂ a ©ˆÈÂ¯ ÓÒß µ®Æ

ÙÁ ‰ÙÈ¯ÓÈ„‰∫ V =
1

3
⋅
a ⋅a
2

a =
1

6
a3

‰Ú¯‰∫ ˘ÈË‰ ·ß Ù˘ÂË‰ ÈÂ˙¯ Â‡È‰ Óˆ¯ÈÎ‰ ÁÈ˘Â· ‚Â·‰

‰ÙÈ¯ÓÈ„‰¨ Â‡ÙÈÏÂ È„Ú ·ÒÈÒÈ ·Ë¯È‚ÂÂÓË¯È‰Æ

Ó˘ÈÓ˙ ‰Ó˘Í

‰Ó˘ÈÓ‰ ‰˜Â„Ó ̇ÓÂÎÈÁ‰ ̈ÎÈ ÏÙ‡‰ ̈˘ÚÏÈ‰ ÓÂÁ ‚ÂÛ ‰„ÒÈ È˘

‰˘ÙÚ‰ ÚÏ ÙÈ˘ÂË ÁÈ˘Â· ‰ÙÁÆ È˙Ô ÏÈÈ˘Ì ‡˙ ‰ÚÈ˜¯ÂÔ

‰Ó˙ÓËÈ¨ ˘‰Âˆ‚ ÏÁÈ˘Â· Ó¯Á˜ ˘Ï ˜Â„‰ ÓÓÈ˘Â¯Æ

È˜Á Ï„Â‚Ó‰¨ ÙÈ¯ÓÈ„‰ Ó˘ÂÏ˘˙¨ ˘˘ÏÂ˘ ÓÙ‡Â˙È‰ Ó˘ÂÏ˘ÈÌ

È˘¯È≠ÊÂÂÈ̇ ̈Â‡Á„ Ó‰Ì ‰Â‡ ‰·ÒÈÒ ˘Ï ‰ÙÈ¯ÓÈ„‰ ©ÎÓ˙Â‡ ̄·ˆÈÂ¯

ÓÒß ∂®Æ

·ˆÈÂ¯ ÓÂˆ‚ÈÌ ‡Â¯ÎÈ Ó˜ˆÂÚÂ˙ ‰ÙÈ¯ÓÈ„‰Æ È˘ ÏÓˆÂ‡ ‡˙ d — Ó¯Á˜ ‰˜„˜Â„ A Ó‰ÓÈ˘Â¯ BCDÆ

C’A’

B

a

B’

a
h

R
O

a 2 a 2

a

a
A

D

B

C

a 10

a 2

a 3

a 8

3a



·Á¯Ó ˙Ò„‰· ˙ÂÂ˘ ÔÂ¯˙Ù ˙ÂËÈ˘ ˙ÂÏÚ· ˙ÂÈÚ· ÏÂÏÎÓ

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Á¢ß„ Í¯ —  ≤∂π—

 ß‡ ‰ËÈ˘—ÁÙ‰ ·Â˘ÈÁ ˙ÂÚˆÓ‡· 

ÙÁ ‰ÙÈ¯ÓÈ„‰ ‰Â‡ V =
1

3
⋅
a 2 ⋅ a 8

2
⋅ a =

2

3
a3

ÙÁ ‰ÙÈ¯ÓÈ„‰ ‰Â‡ ‚Ì V =
1

3
⋅S∆BCD ⋅ d

©V — ‰Â‡ ‚Ì ÙÁ ‰ÙÈ¯ÓÈ„‰ Î‡˘¯ BCD ‰Â‡ ÓÈ˘Â¯ ·ÒÈÒ‰® Æ

ÓÎ‡Ô   d =
2a3

S∆BCD

©‡˙ ˘ËÁ Ó˘ÂÏ˘ BCD ‡Ù˘¯ ÏÁ˘· ·ÚÊ¯˙ Ë¯È‚ÂÂÓË¯È‰ ‡Â ·ÚÊ¯˙ ÂÒÁ˙ ‰¯ÂÔ®Æ

 ß· ‰ËÈ˘—˙È¯ÂË˜Â Í¯„· 

‰ÈÂ˙ ̈˘‰Ó˜ˆÂÚÂ ̇BA ̈DA Â≠CA Èˆ·ÈÌ Ê‰ ÏÊ‰ ̈ÏÎÔ È˙Ô Ï˜·ÂÚ ‡ ̇‰˜Â„‰ A Î¯‡˘È̇ ‰ˆÈ¯ÈÌ¨

ÂÏ‰ˆÈ‚ ·„¯Í Â˜ËÂ¯È̇ ‡ ̇‰ÓÈ˘Â¯ BCDÆ ·ÚÊ¯ ̇‰ÂÒÁ‰ ˘Ï Ó¯Á ̃˜Â„‰ ÓÓÈ˘Â ̄È˙Ô ÏÁ˘· ‡˙

‰Ó¯Á˜ dÆ

 ß·—˙ÏÏÎÂ˘Ó ˙˘ÏÂ˘Ó ‰¯ÒÓ· ÌÈ·Â˘ÈÁ 

‰Ó˘ÈÓÂ˙ ˘ÈÂ·‡Â ·‰Ó˘Í ‰Ô Ó˜¯‰ Ù¯ËÈ ˘Ï ÓÒ¯‰ Ó˘ÂÏ˘˙ ˘ÎÏ Ó˜ˆÂÚÂ˙È‰ ˘ÂÂÈÌ ©‡Â¯Í a®Æ

‰Ó˜¯‰ ‰ÎÏÏÈ ÈÂˆÚ Ï˙ÏÓÈ„ÈÌ ÎÓ˘ÈÓ‰ Ó˙˜„Ó˙Æ

 ß‚ ‰ÓÈ˘Ó—∫Ï˘ ÌÈÎ¯Ú ˙‡ÈˆÓ 

±Æ(A'C, A'AB) 

≤Æd(C, A'AB)

≥Æd(CC', AB)

¥Æ(CC', AB) 

ÏÙ˙¯ÂÔ ÒÚÈÙÈ ‰Ó˘ÈÓ‰ Ù‰ ÏˆÈÂ¯ ÓÒß ∑Æ

··ÒÈÒ ‰ÓÒ¯‰ ABC Â¯È„ ‡˙ ‰‚Â·‰ CDÆ

‰ÈÂ ̇˘ÓÈ˘Â ̄‰·ÒÈÒ Ó‡ÂÍ ÏÎÏ ‡Á ̇Ó‰Ù‡Â˙ ̈‰¯È ‰È˘ ̄CD Ó‡ÂÍ ÏÓÈ˘Â ̄AA'B ©‚Â·‰ ·Ó˘ÂÏ˘

˘¢ˆ® ÂÓ˜·ÏÈÌ∫ d(C,AA' B) = CD =
a 3

2
Æ

‰˜ËÚ A'D ‰Â‡ ‰‰ÈËÏ ˘Ï A'C ©‡ÏÎÒÂÔ ‰Ù‡‰ AA'C'C® ÚÏ ‰ÓÈ˘Â¯ AA'B¨ ÂÏÎÔ

 (A'C, AA'B) =  CA'DD Æ

‡Â¯ÎÂ ˘Ï ‰˜ËÚ A'C ‰Â‡ a 2 ©‡ÏÎÒÂÔ ·¯È·ÂÚ®¨ ÏÙÈÎÍ

A’

A

a

C

B

B’

C’

D

a

a

ˆÈÂ¯ ÓÒß ∑



„Â„ ÊÏˆ¯¨ ¯ÁÏ ÓÂ‚ÈÏ·Ò˜È¨ Ó˘‰ ÒËÂÙÏ

—  ≤∑∞— ˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Á¢ß„ Í¯

A’

A

C

B

B’

C’

P

K

K’

ˆÈÂ¯ ÓÒß ∏

sin CA' D =
a 3

2a 2
=

6

4
=> (A'C, AA'B) ≈ 37.80

‰˜ËÚ CD ‰Â‡ ‡Í Ó˘Â˙Û ÏÈ˘¯ÈÌ ÓˆËÏ·ÈÌ CC' Â≠AB¨ ÏÎÔ d ( C C ' , A B )= CD =
a 3

2

˜Ï Ï‰ÂÎÈÁ ÎÈ¨  (CC', AB) ==  (AA', AB)=9000 Æ

ß„ ‰ÓÈ˘Ó

ÒÓÔ ˜Â„‰ K ÚÏ Ó˜ˆÂÚ ‰·ÒÈÒ AB ·‡ÂÙÔ ˘È˙˜ÈÈÌ∫

AK:KB=m:n ©ˆÈÂ¯ ÓÒß ∏®Æ

È˘ ÏÓˆÂ‡ ‡˙ Ú¯ÎÌ ˘Ï∫

±Æ  (CC'K, ABB')

≤Æd(AA', CC'K)

·‰˙‡Ì ÏÁÏ˜ ‰ÈÁÒÈ AK =
m

m + n
⋅ a

˘ÈÓÂ˘ ·Ó˘ÙË ‰˜ÂÒÈÂÒÈÌ ·Ó˘ÂÏ˘ AKC Â˙Ô∫

CK =
m2 + m ⋅ n + n2

m + n
a

·‡Â˙Â Ó˘ÂÏ˘ Á˘· ‡˙ Ú¯Í ÊÂÂÈ˙ AKCÆ ·‰˙‡Ì ÏÓ˘ÙË ‰ÒÈÂÒÈÌ¨

sin  AKC =
3

2
⋅

m + n

m2 + mn + n2
 ¨

‡Â (CC' K,ABB' ) = arcsin
3

2
⋅

m + n

m2 + mn + n2
 Æ

Â¯È„ ‡˙ AP — ‚Â·‰ ·Ó˘ÂÏ˘ ACK¨ ÂÏÎÔ d(AA', CC'K) = APÆ Á˘· ‡˙ Ú¯ÎÂ∫

 AKC =
am 3

2 m2 + mn + n2
AP = AK ⋅sin ¨

ÏÎÔd(AA' , C C ' K )=
am 3

2 m2 + mn + n2
 Æ

‡Ì m = n¨ ‰˜Â„‰ K ‰È‡ ‡ÓˆÚ ‰˜ËÚ AB¨ ˜·Ï∫  (CC'K, ABB') = arcsin1 = 9000 ª

d(AA' , C C ' K )=
a

2
 Æ



·Á¯Ó ˙Ò„‰· ˙ÂÂ˘ ÔÂ¯˙Ù ˙ÂËÈ˘ ˙ÂÏÚ· ˙ÂÈÚ· ÏÂÏÎÓ

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Á¢ß„ Í¯ —  ≤∑±—

‰Ú¯‰∫ Á˘Â· Ï‰„‚È˘ Ï˙ÏÓÈ„ÈÌ¨ ˘‰ˆ·˙ ‰Ó˜¯‰ ‰Ù¯ËÈ¨ ÓË¯˙‰ Ï‰ÂÎÈÁ ÎÂÂ˙ ÁÈ˘Â·ÈÌ

˘‰˙˜·ÏÂ Ú·Â¯ ‰Ó˜¯‰ ‰ÎÏÏÈÆ

ß‰ ‰ÓÈ˘Ó

Á˙ÂÍ ‡ ̇‰ÓÒ¯‰ ÚÏ≠È„È ÓÈ˘Â ̄‰ÚÂ· ̄„¯Í Ó˜ˆÂÚ ‰·ÒÈÒ AC ÂÈÂˆ ̄ÊÂÂÈ ̇ϕ ÚÌ ÓÈ˘Â ̄‰·ÒÈÒ

ABCÆ

‰Ó˘ÈÓ‰ ÎÂÏÏ˙ ‡¯·Ú‰ ÒÚÈÙÈÌ∫

±ÆÓˆÈ‡˙ ˆÂ¯˙ ‰Á˙ÍÆ

≤ÆÁÈ˘Â· ˘ËÁ ‰Á˙ÍÆ

≥ÆÁÈ˘Â· ‰È˜Û ‰Á˙ÍÆ

¥ÆÓˆÈ‡˙ ˜Â„Â˙ ‰ÓÈÈÓÂÌ Â‰Ó˜ÒÈÓÂÌ ˘Ï ‰˘ËÁ Â‰È˜Û

‰Á˙ÍÆ

ÔÂ¯˙ÈÙ‰ Í¯„

 ± ÛÈÚÒ—

Ó˜„˜Â„ B Â¯È„ ‡˙ ‰‚Â·‰ BK ˘Ï ·ÒÈÒ ABCÆ

‡Ì ÊÂÂÈ˙ ϕ ·ÈÔ ÓÈ˘Â¯ ‰Á˙Í Ï·ÒÈÒ ‰È‡ ·˙ÁÂÌ

≤ arctg
2

3
¨ ‰Á˙Í ‰Â‡ Ó˘ÂÏ˘ ˘ÂÂ‰ ˘Â˜ÈÈÌ ©ˆÈÂ¯ ÓÒß π®Æ

‡Ì ‰ÊÂÂÈ̇ ‰È‡ ·˙ÁÂÌ > arctg
2

3
¨ ‰Á˙Í ‰Â‡ Ë¯ÙÊ ˘ÂÂ‰

˘Â˜ÈÈÌ ÎÓÂˆ‚ ·ˆÈÂ¯ ÓÒß ∞±Æ

Ú¯Î‰ ˘Ï ‰ÊÂÂÈ̇ ‰˜¯ÈËÈ̇ — c ÏÓÚ· ̄Ó˘ËÁ Á˙Í Ó˘ÂÏ ̆Ï˘ËÁ

Á˙Í Ë¯ÙÊ ‰Â‡∫ B' KB = c = arctg
2

3
≈ 49.110

 ≤ ÛÈÚÒ—

Ú·Â ̄ÊÂÂÈ̇ 0 < ≤ cÓ˘ÂÏ ̆ABCC ‰Â‡ ‰‰ÈËÏ ˘Ï ‰Á˙Í AFC ÚÏ ÓÈ˘Â ̄·ÒÈÒ ‰ÓÒ¯‰ ̈ÂÏÎÔ

S( ) = S∆ABC/cos =
a 2 3

4cos

Ú·Â¯ ÊÂÂÈ̇ c < < / 2 ˘ËÁ Á˙Í ‰Ë¯ÙÊ ‰Â‡ S( ) = SAMNC =
MN + AC

2
⋅ KE' Æ

ˆÈÂ¯ ÓÒß ∞±

A’

A

C

B

B’

C’

P
K

ϕ

F

ˆÈÂ¯ ÓÒß π

A’

A

C

B

B’

C’

P
K

ϕ

L

M
E’

E

N



„Â„ ÊÏˆ¯¨ ¯ÁÏ ÓÂ‚ÈÏ·Ò˜È¨ Ó˘‰ ÒËÂÙÏ

—  ≤∑≤— ˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Á¢ß„ Í¯

ÓÓ˘ÂÏ˘ (EE'=BB'=a) KEE' ˜·Ï∫ KE' =
a

sin
Â≠KE = actg¨

ÓÎ‡Ô¨ E' B' = KB− KE =
a 3

2
− actg ¨

Ó„ÓÈÂÔ ‰Ó˘ÂÏ˘ÈÌ MB'N Â≠ABC Â·Ú ‰ÈÁÒ¨ 
MN

AC
=

E' B'

KB

ÁÏı ‡˙ MN ÂˆÈ· ˜ËÚÈÌ Î„È Ï˜·Ï MN = a -
2actg

3

˘ËÁ ‰Á˙Í ‰Â‡∫ S( ) =
a 2 3 − ctg( )

3sin

Ú·Â¯ ‰˙ÁÂÌ 0 < ≤ c ‰ÙÂ˜ˆÈ‰  S((ϕ)ÚÂÏ‰¨ ÎÈ cosϕ ÓÂÙÈÚ ·ÓÎ‰Æ

Ú·Â¯ c < < / 2 È˘ ÏÁ˜Â¯ ‡˙ ‰ÙÂ˜ˆÈ‰Æ Ï˘Ì ÎÍ ‚ÊÂ¯ ‡Â˙‰∫

S' ( ) = a2 ⋅
1 − 3sin cos + cos2

3sin3

Á˘· ‡˙ ˜Â„˙ ‰˜ÈˆÂÔ∫ 1 − 3sin cos + cos2 = 0

̆‰ ‡˙ ‰Ó˘ÂÂ‡‰∫ sin2 − 3sin cos + 2cos2 = 0

ÁÏ˜ ·≠cos2
 Â˜·Ï∫ tg2 − 3tg + 2 = 0

ÏÓ˘ÂÂ‡‰ ÊÂ ‡ÈÔ Ù˙¯ÂÔÆ ‰ÙÂ˜ˆÈ‰ ‰‚Ê¯˙ ÁÈÂ·È˙ ·ÎÏ ˙ÁÂÌ¨ ÏÎÔ ‰ÙÂ˜ˆÈ‰  S(ϕ) ÚÂÏ‰ ·˙ÁÂÌ

©0,
2

®

 ≥ ÛÈÚÒ—

Ú¯Í ˆÏÚÂ˙ ‰Ó˘ÂÏ˘ AFC ©ˆÈÂ¯ ÓÒß π®∫ AF = FC =
a2

4
+

3a2

4cos2 =
a

2
4 + 3tg2

¨

ÏÎÔ Ú·Â¯ 0 < ≤ c È‰È‰ P( ) = P∆AFC = a 1+ 4 + 3tg2( )
Ú·Â¯ c < < / 2 È‰È‰ ‰È˜Û Á˙Í ‰Ë¯ÙÊ ©‰Ó˙Â‡¯ ·ˆÈÂ¯ ∞±®

P( ) = PAMNC = AC + MN + AM + CNÆ



·Á¯Ó ˙Ò„‰· ˙ÂÂ˘ ÔÂ¯˙Ù ˙ÂËÈ˘ ˙ÂÏÚ· ˙ÂÈÚ· ÏÂÏÎÓ

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Á¢ß„ Í¯ —  ≤∑≥—

NL ‰Â‡ ‚Â·‰ ·Ë¯ÙÊÆ Ó‡Á¯ ˘‰Ë¯ÙÊ ‰Â‡ ˘¢˘¨ ‰¯È LC =
AC − MN

2
=

actg

3
¨

AM = CN = KE' 2 +LC2 =
a2

sin2 +
a2ctg2

3
=

a

3
3 + 4ctg2

ÓÎ‡Ô ˜·Ï∫ P( ) =
2a

3
3 − ctg + 3 + 4ctg2( )

·˙ÁÂÌ  0 < ≤ c ‰ÙÂ˜ˆÈ‰ P((ϕ) ÚÂÏ‰¨ ÓÙÈ ˘‰ÙÂ˜ˆÈ‰  tgϕÚÂÏ‰ ·˙ÁÂÌ Ê‰Æ

Ú·Â¯ ‰˙ÁÂÌ c < < / 2 ·ˆÚ ‚ÊÈ¯‰∫ P' ( ) =
2a

3

1

sin2 −
4ctg

sin2 ⋅ 3 + 4ctg2

 

 
 

 

 
 

ÏÓˆÈ‡˙ ˜Â„˙ ‰˜ÈˆÂÔ ˘ÂÂ‰ ‡˙ ‰‚Ê¯˙ Ï‡ÙÒ Â˜·Ï ‡˙ ‰Ó˘ÂÂ‡‰∫

3 + 4ctg2 = 4ctg

Ù˙¯Â‰ ·˙ÁÂÌ ‰¢Ï ctg =
1

2
¨ ‡Â = arcctg

1

2
= arctg2 ≈ 63.40

‡Ù˘¯ Ï‰¯‡Â˙ ˘ÊÂ‰È ˜Â„˙ ÓÈÈÓÂÌ Ó˜ÂÓÈÆ

‰˙È‡Â¯ ˘Ï ‰ÙÂ˜ˆÈ‰ S(ϕ) Â≠P(ϕ) ÓÂ·‡ ·ˆÈÂ¯ÈÌ ÓÒß ±± ÂÓÒß ≤±Æ

∫˙È„Â˙Ó ‰¯Ú‰

Ï‰‚·¯ ̇‰˜Â˘È ˘Ï ‰·ÚÈ‰ ‰¢Ï ̈‡Ù˘ ̄Ï‰ˆÈÚ Ï˙ÏÓÈ„ÈÌ Î‡˙‚¯ ̈ÏÙ˙Â ̄·ÚÈ‰ „ÂÓ‰ Â·‰ ÈÁÒÈÌ

˘ÂÈÌ ·ÈÔ Ó˜ˆÂÚ ‰·ÒÈÒ ÏÓ˜ˆÂÚ ‰ˆ„„È ˘Ï ‰ÓÒ¯‰Æ Ò·È¯ Ï‰ÈÁ¨ ˘˙ÏÓÈ„ÈÌ ÓÒÂ‚ÏÈÌ ÏÁ˜Â¯

Ó ¯ÂÈˆ±≤ ßÒ Ó ¯ÂÈˆ±± ßÒ

π
2

S(ϕ)

a2

0.5a2

arctg
2

3

π
6

π
3

ϕ

P(ϕ)

a arctg
2

3

π
6

π
3

π
2

2a

3a

4a

arctg 2

ϕ



„Â„ ÊÏˆ¯¨ ¯ÁÏ ÓÂ‚ÈÏ·Ò˜È¨ Ó˘‰ ÒËÂÙÏ

—  ≤∑¥— ˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Á¢ß„ Í¯

ßÂ ‰ÓÈ˘Ó

ÓÚ·È¯ÈÌ ‡˙ ‡ÏÎÒÂÈ ‰Ù‡Â˙ ‰ˆ„„ÈÂ˙  AC'Â≠CB' ©‰È˘¯ÈÌ ÓˆËÏ·ÈÌ®Æ È˘ ÏÓˆÂ‡ ‡˙ Ú¯Í

‰ÊÂÂÈ̇ ©AC', CB'®  ·˘˙È ˘ÈËÂ˙∫

±Æ·„¯Í ‰„ÒÈ˙ ˜ÏÒÈ̇Æ

≤Æ·„¯Í Â˜ËÂ¯È˙Æ

ÚÊ¯ ·ˆÈÂ¯ ÓÒß ≥±Æ

± ÛÈÚÒ—

Ú·È¯ È˘¯ C'D ‰Ó˜·ÈÏ ÏÈ˘¯ CB'Æ È˘¯ Ê‰ ÁÂ˙Í ‡˙ ÓÈ˘Â¯ ‰·ÒÈÒ

ABC ·˜Â„‰ D¨ ‰Óˆ‡˙ ÚÏ ‰Ó˘Í ‰ˆÏÚ BCÆ

(AC', CB') =  (AC', DC') =   AC'D Æ

ÏÙÈ Ó˘ÙË ‰˜ÂÒÈÂÒÈÌ ·Ó˘ÂÏ˘ ACD ˜·Ï∫

AD2 = a2 + a2 − 2a2cos1200 => AD = a 3

·Ó˘ÂÏ˘ AC'D ‰ˆÏÚÂ˙∫AC' = C' D = a 2
˘ÈÓÂ˘ ·Ó˘ÙË ‰˜ÂÒÈÂÒÈÌ ·Ó˘ÂÏ˘ Ê‰ Â˙Ô∫

AC'D  AD2 = AC'( )2 + DC'( )2 − 2AC' ⋅DC' cosÆ

ÚÏ≠È„È ‰ˆ·˙ Ú¯ÎÈ ‰˜ËÚÈÌ ˜·Ï∫

AC'D  3a2 = 2a2 + 2a2 − 2a 2 ⋅ a 2cosÆ ÏÎÔ cos s  AC'D ==
1

4
Æ

‰ÓÒ˜‰∫  (AC', CB') = arcccos
1

4
≈ 75.50

 Æ ÓÆ˘ÆÏÆ

 ≤ ÛÈÚÒ—

Ù‰ ÏˆÈÂ¯ ÓÒß ¥± ÂÒÓÔ∫   A
r 
B = n, A

r 
C = m Â≠  A

r 
A ' = h

  
AC' ,CB'( ) =

A
r 
C ' ⋅C

r 
B '

A
r 
C ' ⋅ CB'

  cos

·‰˙‡Ì Ï‰ˆ‚˙ ‰ÂÂ˜ËÂ¯ÈÌ ¯˘ÂÌ∫

  C
r 
B ' = n − m + h¨    A

r 
C ' = m + h¨

ÂÏÓˆÂ‡ ‡˙ ‰ÈÁÒ ·ÈÔ ‰Ó˜ˆÂÚÂ˙ ‡˘¯ Ó̆‰ ‡˙ ‰˙‰‚Â˙ ÙÂ˜ˆÈ̇ ‰˘ËÁ¨ Ï·Ï˙È ÓÂÂËÂÈ̇

ÚÂÏ‰¨ ‡Â Ï‰ÈÙÍ¨ Ï̆Â˙ ‡˙ ÙÂ˜ˆÈ˙ ‰‰È˜Û¨ ÎÍ ˘˙ÚÏ‰ ·ÎÏ ‰˙ÁÂÌ 0 < <
2

Æ

A’

A

D

B

B’

C’

C

ˆÈÂ¯ ÓÒß ≥±

A’

A
B

B’

C’

C

h

m

n

ˆÈÂ¯ ÓÒß ¥±
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‰ÓÒ˜‰∫AC' ,CB'( ) =

a 2

2
− a2 + a2

a2 + a2 ⋅ a 2 + a2
=

a2

2
2a2 =

1

4
   cos     ¨

‡Â   AC' ,CB'( ) = arccos
1

4
 Æ   ÓÆ˘ÆÏÆ

ßÊ ‰ÓÈ˘Ó

·‰˜˘¯ ÏÓ˘ÈÓ‰ Âß¨ È˘ ÏÓˆÂ‡ ‡˙ ‰Ó¯Á˜ d(AC', CB') ÚÏ≠ÙÈ ‰˘ÈËÂ˙ ‰·‡Â˙∫

±Æ‰„Ò‰ ˜ÏÒÈ˙Æ

≤Æ‡Ï‚·¯‰ Â˜ËÂ¯È˙Æ

≥Æ‰„Ò‰ ‡ÏËÈ˙

 ± ÛÈÚÒ—

È„ÂÚ ˘‰Ó¯Á˜ ·ÈÔ È˘¯ÈÌ ÓˆËÏ·ÈÌ ˘ÂÂ‰ ÏÓ¯Á˜ ·ÈÔ ‡Á„ ‰È˘¯ÈÌ

Ï·ÈÔ ÓÈ˘Â ̄‰ÚÂ· ̄„¯Í ‰È˘ ̄‰̆È Â‰Ó˜·ÈÏ ÏÈ˘ ̄‰¯‡˘ÂÔÆ Ú·È ̄‡˙

‰È˘ ̄C'D ‰Ó˜·ÈÏ ÏÈ˘ ̄CB' Â‰ÁÂ˙Í ‡ ̇ÓÈ˘Â ̄‰·ÒÈÒ ABC ·˜Â„‰

D ˘ÚÏ ‰Ó˘Í ‰ˆÏÚ BC ©ˆÈÂ¯ ÓÒß µ±®Æ

‰ÓÈ˘Â ̄AC'D Ó˜·ÈÏ ÏÈ˘ ̄CB'Æ ÏÙÈÎÍ ‰Ó¯Á ̃‰Ó·Â˜ ̆‰Â‡ ‰Ó¯Á˜

·ÈÔ ‰È˘ ̄CB' Â‰ÓÈ˘Â ̄AC'D ̈‡Â ‰Ó¯Á ̃˘Ï ‰˜Â„‰ C ‰Óˆ‡ ̇ÚÏ

‰È˘¯ CB' Â‰ÓÈ˘Â¯ AC'DÆ

Â¯È„  ‚Â·‰ CK ·Ó˘ÂÏ˘ ACD¨ ÂÁ·¯ C' ÚÌ KÆ

ÏÙÈ Ó˘ÙË ˘ÏÂ˘ ̇‰‡ÎÈÌ C' K⊥AD ̈ÏÎÔ AD⊥ CKC'( ) ̈‰ÓÈ˘Â¯ÈÌ AC'D'D Â≠CKC' Ó‡ÂÎÈÌ

Ê‰ ÏÊ‰Æ

ÓÒÈ·‰ ÊÂ ̈‰‡Í CF ‰ÈÂ¯„ Ó‰˜Â„‰ C ÏÓÈ˘Â ̄AC'D ̈Óˆ‡ ÚÏ ÓÈ˘Â ̄CKC' ̈ÂÚ˜·Â F Óˆ‡ ÚÏ

‰È˘¯ KC'¨ ÎÏÂÓ¯¨ d(AC', CB') = CFÆ

ÁÈ˘Â· Ú¯ÎÂ ˘Ï d∫ Ó‡Á ̄˘‰Ó¯Â·Ú DCB'C' ‰Â‡ Ó˜·ÈÏÈ̇ ̈‰¯È DC=a ÂÓ˘ÂÏ ̆ACD ‰Â‡ ˘¢˘Æ

ÏÙÈÎÍ¨ Ú¯ÎÔ ˘Ï ‰ÊÂÂÈÂ˙ ‰Ô∫ ACD = 1200  ª CAK = 3000   ª ÂÚ¯Í Ï˜ËÚ CK =
a

2
 Æ

ÏÎÔ AC' ,CB'( ) =
m ⋅n − m2 + n ⋅ h + h2

m2 + 2m ⋅ h + h2 ⋅ n − m( )2 + 2 n − m( )h + h2
  cosos®

ÎÈ„ÂÚ¨ m ⋅ h = 0¨ n ⋅ h = 0¨ m ⋅ n = a2 cos600 =
a2

2
¨   n − m = C

r 
B Æ

ˆÈÂ¯ ÓÒß µ±
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C
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·Ó˘ÂÏ˘ KC'( )2 = a2 +
a2

4
=

5a2

4
¨ Ó˜·ÏÈÌ∫ CF =

a ⋅
a

2
a 5

2

=
a

5

‰Ó¯Á˜ ‰Â‡ d AC' ,CB'( ) =
a

5
Æ ÓÆ˘ÆÏÆ

‰Ú¯‰ Ó˙Â„È˙∫ Î„È Ï‰˜Ï ÚÏ ‰¯‡ÈÈ‰ ‰Ó¯Á·È̇ ·Ó˘ÈÓ‰ ‰¢Ï¨ ¯ˆÂÈ Ï‰ÓÁÈ˘ ‡˙ „¯Í Ù˙¯ÂÔ

‰Ó˘ÈÓ‰ ·‡ÂÙÔ ˘ÈÏÂÂ‰ ·„‚Ì Ó¯Á·È ‰·ÂÈ Ó‰Ó˜ˆÂÚÂ ̇˘Ï ‰ÓÒ¯‰ ˙ÂÍ Î„È ‰ÂÒÙ ̇ÓÈ˘Â¯ÈÌ

ÂÈ˘¯ÈÌ ÏÓÒ¯‰Æ

 ≤ ÛÈÚÒ—

Ó¯Á˜ ·ÈÔ ̆È È˘¯ÈÌ ÓˆËÏ·ÈÌ ‰Â‡ ‡Â¯Í ‰‡Í ‰Ó˘Â˙Û Ï̆È

‰È˘¯ÈÌÆ

ÁÙ˘ ‡˙ ‰ÂÂ˜ËÂ¯   K
r 
L  ˘˜ˆÂ˙ÈÂ Óˆ‡ÈÌ ÚÏ ‰È˘¯ÈÌ AC'' Â≠CB'

·‰˙‡Ó‰¨ ·‡ÂÙÔ ˘‰Â‡ Ó‡ÂÍ ÏÎÏ ‡Á„ Ó‰Ì ©ˆÈÂ¯ ÓÒß ∂±®Æ

Î·Ó˘ÈÓ‰ Âß ÒÚÈÛ ≤¨ ÒÓÔ ˘Â·∫   A
r 
C = m¨   A

r 
B = n  Â≠  A

r 
A ' =h

Â≠  A
r 
C ' = m + h¨   C

r 
B ' = n − m + hÆ ‰ÈÂ˙ ̆˜Â„‰ K Óˆ‡˙ ÚÏ

AC'¨ ‡ÊÈ   A
r 
K = A

r 
C '¨ ‰ÈÂ˙ ̆˜Â„‰ L Óˆ‡˙ ÚÏ CB''¨ ‡ÊÈ

  C
r 
L = C

r 
B 'Æ

ÁÙ˘ α Â≠β ÎÍ ˘È˙˜ÈÈÓÂ ˙‡È ‰Èˆ·Â˙∫   K
r 
L ⊥A

r 
C ' Â‚Ì   K

r 
L ⊥C

r 
B 'Æ

Ê‡˙ ‡ÂÓ¯˙¨   K
r 
L ⋅ A

r 
C ' =0 Â‚Ì   K

r 
L ⋅ C

r 
B ' =0Æ

©±®

  

K
r 
L = A

r 
C + C

r 
L - A

r 
K = m + n − m + h( ) − m + h( ) =

= 1 − −( )m + n + −( )h
Ù˙Â¯ ‡˙ ÓÚ¯Î˙ ‰Ó˘ÂÂ‡Â˙ ˘Ï ˙‡È ‰Èˆ·Â˙∫

m + h( ) 1− −( )m + n + −( )h[ ] = 0

n − m + h( ) 1− −( )m + n + −( )h[ ] = 0

 
 
 

Ó˘ÂÏ˘ KCC' ‰Â‡ Ó˘ÂÏ˘ È˘¯≠ÊÂÂÈ̇ ̆Èˆ·ÈÂ ‰Ì a Â≠
a

2
¨ Â‰˜ËÚ CFF ‰Â‡ ‰‚Â·‰ ÏÈ̇¯Æ

ÏÙÈ ‰ÂÒÁ‡Â˙ Ï˘ËÁ ‰Ó˘ÂÏ˘ S∆KCC' =
KC ⋅CC'

2
=

KC' ⋅CF

2
 ª Â·‰˙‡Ì ÏÓ˘ÙË ÙÈ˙‚Â¯Ò

ˆÈÂ¯ ÓÒß ∂±
C

A’

A
B

B’

C’

m

n

K L

h



·Á¯Ó ˙Ò„‰· ˙ÂÂ˘ ÔÂ¯˙Ù ˙ÂËÈ˘ ˙ÂÏÚ· ˙ÂÈÚ· ÏÂÏÎÓ

˘ ÔÂ˙¢Ô‡˘¢ —˘˙ Î ¨Á¢ß„ Í¯ —  ≤∑∑—

ÙÈ˙ÂÁÔ Â˙Ô ‡˙ ‰Ó˘ÂÂ‡Â˙∫

1 − −( )m2 + m ⋅ n + −( )h2 = 0

1 − 2 −( )m ⋅ n − 1− −( )m2 + n 2 + −( )h2

 
 
 

‰ÈÂ˙ ˘≠m2 = n2 = h2 = a2
¨  m ⋅ n = a2 cos600 =

a2

2
¨ ‡ÊÈ

a2 1− − +
2

+ − 
 

 
 = 0

a2 1− 2 −
2

−1 + + + 2 − 
 

 
 = 0

 

 
 

 
 

1 − 2 +
2

= 0

−
1

2
+ 2 −

2
= 0

 

 
 

  

 

 
 

  
=> = 3

5
, = 2

5

ˆÈ· ‡˙ Ú¯ÎÈ α Â≠β ÏÂÒÁ˙ ‰ÂÂ˜ËÂ¯   K
r 
L  ©ÂÒÁ‰ ©±®® Â˜·Ï

  

K
r 
L = 0 ⋅ m + 2

5
n − 1

5
h = 2

5
n − 1

5
h

K
r 
L 

2

=
2

5
n −

1

5
h

 
 

 
 

2

=
4

25
a2 +

1

25
a2 =

a2

5
, n ⋅ h = 0( )

d AC' ,CB'( ) = K
r 
L =

a

5

 ≥ ÛÈÚÒ—

Ó˜Ì ‡˙ ‰ÓÒ¯‰ ·ÓÚ¯Î˙ ˆÈ¯ÈÌ ˘¯‡˘È˙‰ ·˜Â„‰ Α¨
·‡ÂÙÔ ˘Ó˜ˆÂÚ ΑΒ ÓÂÁ ÚÏ ‰ÎÈÂÂÔ ‰ÁÈÂ·È ˘Ï ‰ˆÈ¯ y¨

Â‰Ó˜ˆÂÚ AA' ÓÂÁ ÚÏ ‰ÎÈÂÂÔ ‰ÁÈÂ·È ˘Ï ‰ˆÈ¯ zÆ

˘ÈÚÂ¯È ˜„˜Â„È ‰ÓÒ¯‰ ·ÓÚ¯Î˙ ‰ˆÈ¯ÈÌ ÓÂÙÈÚÈÌ ·ˆÈÂ¯

ÓÒß ∑±Æ

A’(0,0,a)

A(0,0,0)

K

x

z
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
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